Some problems on random walks by Doney, Ronald A.
Durham E-Theses
Some problems on random walks
Doney, Ronald A.
How to cite:
Doney, Ronald A. (1964) Some problems on random walks, Durham theses, Durham University. Available
at Durham E-Theses Online: http://etheses.dur.ac.uk/8893/
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-proﬁt purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in Durham E-Theses
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full Durham E-Theses policy for further details.
Academic Support Oﬃce, Durham University, University Oﬃce, Old Elvet, Durham DH1 3HP





S O M E . P R O B L E M S O N R A N D O M W A L K S 
i 
by 
RONALD A-. DONEY, B.Sc. 
U n i v e r s i t y C o l l e g e 
T h e s i s s u b m i t t e d t o t h e U n i v e r s i t y o f Durham 
i n a p p l i c a t i o n f o r t h e d e g r e e o f D o c t o r , o f P h i l o s o p h y 
1964 
ACKNOWLEDGEMENTS 
The a u t h o r w i s h e s t o e x p r e s s h i s t h a n k s t o h i s 
s u p e r v i s e ] , P r o f e s s o r G. E. H. R e u t e r , f o r h i s e n c o u r a g e m e n t , 
a d v i c e and a s s i s t a n c e a t a l l t i m e s . The a u t h o r a l s o w i s h e s 
t o t h a n k t h e D e p a r t m e n t o f S c i e n t i f i c and I n d u s t r i a l 
R e s e a r c h f o r t h e p r o v i s i o n o f a m a i n t e n a n c e g r a n t and 




I n t r o d u c t i o n 
C h a p t e r I 
C h a p t e r I I 
C h a p t e r I I I 
C h a p t e r IV 
C h a p t e r V 
R e f e r e n c e s 
0 and 1 se-ts- f o r th-e s i m p l e 
3 - d i m e n s i o n a l random--w-a-1 k . 
The f i r s t r e t u r n t o an a x i s o f t h e 
' s i m p l e 3 - d i m e n s i o n a l random w a l k . 
Renewal t h e o r y i n t h e p l a n e 
Renewal t h e o r y i n k (><• 3 ) - spac e : 
n o n - z e r o mean. 
Renewal t h e o r y i n k ( ^ . 3 ) - s p a c e : 







G i v e n a ran-dow- A^a-ria-b l ^ ' ' X •t-,a"k-i'-rvg-,-v-a-l-ue-.S" .0'n--.-a*™sp-ac e 
E, suppose t h a t - X x, X 3, ... i s~ a-'-&e<|^e^^^'-^rpdtep-enrd*qnt 
i 
random v a r i a b l e s each o f w h i c h has t-h-e- sanre- d'i-S't-rrb'u-t'ifon 
n 
as X. • I f S d e n o t e s t h e n t h p a r t i a l sum Z Xj o f t h i s 
J = 1 
s e q u e n c e , we can t h i n k o f S n as t h e p o s i t i o n i n E a t t i m e 
n o f a p a r t i c l e w h i c h s t a r t s a t t h e o r i g i n a t t i m e z e r o 
and r e c e i v e s t h e random d i s p l a c e m e n t X j at, t i m e j , and we 
r e f e r t o t h e sequence [ S n ] as t h e random w a l k •( R.W.) 
g e n e r a t e d by t h e random v a r i a b l e (R.V) X. T h r o u g h o u t t h i s 
t h e s i s the, s t a t e - s p a c e E i s e i t h e r k - d i m e n s i o n a 1 E u c l i d e a n 
space E k o r t h e l a t t i c e L k o f p o i n t s i n E k w i t h i n t e g r a l 
c o o r d i n a t e i s , and k ^ 2. T h i s i s t h e o n l y f e a t u r e t h a t t h e 
t h r e e t o p i ' c s d i s c u s s e d have i n common. 
I f P*(B) = P{-S neB f o r an i n f i n i t e number o f i n t e g e r s n) 
i t i s known t h a t f o r any R.W P*(B) = 1 o r 0 f o r e v e r y s u b s e t 
B o f E, and t h e p r o b l e m o f d e c i d i n g w h e t h e r a g i v e n s e t B i s 
a 1 - s e t ( i ' . e. P*'('B) = 1) o r a O-set ( i . e . P*(B) = 0 ) has 
r e c e i v e d some a t t e n t i o n . I n t h e s p e c i a l case o f t h e s i m p l e 
R.W on L k f o r k 3 t h i s q u e s t i o n was answered c o m p l e t e l y 
by f t o and McKean [ 1 9 ] , and t h e i r s o l u t i o n was e x t e n d e d by 
L a m p e r t i [ 2 1 ] t o a l a r g e c l a s s o f R.W's. I t i s o b v i o u s f r o m 
A 
t h e f o r m o f I t o and McKean's c r i t e r i o n t h a t e a r l i e r a t t e m p t s 
1 7 OCT. 196* 
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t o f i n d a c o n d i t i o n o f t h e - ••f-OT.m 2r' T f (: |-bf| • ) - ' + oo n e c e s s a r y 
• beB 
and s u f f i c i e n t f o r B t o be a 1 - s e t were doomed t o f a i l u r e , 
i 
y e t c o n d i t i o n s o f t h i s f o r m w h i c h a r e e i t n e r n e c e s s a r y o r 
s u f f i c i e n t a r e n o t w i t h o u t i n t e r e s t . • I n c h a p t e r I such 
c o n d i t i o n s a r e d e r i v e d f o r t h e s i m p l e 3- !dimensiona 1" R.W 
f r o m I t o and McKean.'s c r i t e r i o n and a r e .shown t o be t h e 
b e s t p o s s i b l e o f t h i s f o r m . < I t i s a l s o p r o v e d t h a t no 
c o n d i t i o n o f t h e more g e n e r a l t y p e • 2 f ( b . ) = + GO can be 
.beB 
n e c e s s a r y and s u f f i c i e n t f o r B t o a 1-se:t. 
• When we know t h a t t h e p a r t i c l e i s a l m o s t c e r t a i n t o 
v i s i t a s e t we can d e f i n e a R.V whose v a l u e i s i t s p o s i t i o n 
when i t f i r s t does so. T h i s R.V w i l l bej a f u n c t i o n o f t h e 
s t a r t i n g p o i n t o f t h e R.W and i f i n t h e l a t t i c e case t h e 
a b s o r b i n g s e t i s t a k e n t o be a c o o r d i n a t e a x i s i t s c h a r a c t e r -
i s t i c f u n c t i o n i s easy t o c a l c u l a t e i n t e r m s o f t h e 
c h a r a c t e r i s t i c f u n c t i o n o f X. Thus i n C h a p t e r I I we d e r i v e 
f r o m t h e s i m p l e 3 - d i m e n s i o n a 1 R.W a d o u b l y i n f i n i t e sequence 
o f R.V's1 F ^ w h i c h we i n v e s t i g a t e f i r s t l y f o r f i x e d a and b 
and t h e n .as r = ( a a + b 8 ) — > + oo. I n t h e l a t t e r case one 
m i g h t e x p e c t t h e r e t o e x i s t a n o r m i n g f u n c t i o n d ( r ) such 
t h a t F a b | / d ( r ) has a n o n - d e g e n e r a t e l i m i t i n g d i s t r i b u t i o n as 
r — > + OD . T h i s f a i l s t o h a p pen, and i t f a i l s t o happen i n 
such a way t h a t we a r e l e a d f i r s t t o p o s t u l a t e a-rrd theTi" t o 
p r o v e t h a t a n o n - d e g e n e r a t e l i m i t i n g d i s t r i b u t i o n e x i s t s f o r 
1 og | F a t j |/d ( r ) f o r s u i t a b l e c h o i c e o f d ( r ) . Though no a t t e m p t 
i s made t o e x t e n d t h i s a n a l y s i s t o t h e g e n e r a l -RW on- L 3 i t 
i s n o t d i f f i c u l t t o see t h a t t h e ar g u m e n t l e a d i n g t o t h e 
n o n - e x i s t e n c e o f a l i m i t i n g d i s t r i b u t i o n f o r F •^/•d(-r) can- be 
g e n e r a l i s e d . However t h e method used t o i n v e s t i g a t e l o g " j F a j , | 
depends upon s p e c i f i c p r o p e r t i e s o f t h e s i m p l e R.W and does 
n o t seem t o a p p l y i n g e n e r a l . I t i s i n t e r e s t i n g t h a t , 
a c c o r d i n g t o R i d l e r - R o w e [ 2 8 ] , i n t h e s i m i l a r p r o b l e m 
c o n c e r n i n g t h e t i m e a t w h i c h a R.W f i r s t h i t s an a x i s t h e 
l o g a r i t h m i c change o f s c a l e l e a d s t o a l i m i t i n g d i s t r i b u t i o n 
i n t h e g e n e r a l c a s e . 
When t h e s t a t e - s p a c e E i s t h e p o s i t i v e h a l f - l i n e t h e 
r e n e w a l f u n c t i o n H ( x ) = Z P{S ^ x j has an o b v i o u s p h y s i c a l 
n=0 n 
i n t e r p r e t a t i o n and has been much s t u d i e d . The c e n t r a l r e s u l t 
i s t h e Renewal Theorem, w h i c h , i f X i s a n o n - l a t t i c e R.V , 
says 
l i m ,{H(x + a ) - H ( x ) J = a m~l, where 0 < m = £.;x) ^  co. 
x —>+« 
From o u r p o i n t o f v i e w H(x + a ) - H ( x ) i s t h e e x p e c t e d number 
o f v i s i t s o f t h e p a r t i c l e t o t h e i n t e r v a l ( x , x + o) and as 
such i t 'makes sense when X can t a k e p o s i t i v e and n e g a t i v e v a l u e s 
-•4-
s e v e r a l ' a u t h o r s have shown t h a - t -tire•'R-e-n-eLad''• •T--h'e,a-!Pe'm'i--s,-ti?l 1 
h'ol'ds i a t h i s -cas'e-• 'i-f—nr >• 0. When X. t a k e s v a l u e s i n ' E k 
f o r k" 12 t h e a n a l o g u e o f H('x) may f a i l t o e x i s t b u t 
bo 
'G(A) = £ 'P['S_n e ' A] e x i s t s f o r any bounded Bo r e 1-mea su r ab 1 e 
n=0 
s e t A, umless k = 2 and X. has z e r o mean. • T h i s f u n c t i o n 
was s t u d i e d i n 1952 by Chung [ 7 ] who p r o v e d t h a t i f X_ 
has non-izero mean l i m • G[ A + x.j = 0 . E x c e p t f o r a s l i g h t 
w e a k e n i n g o f t h e c o n d i t i o n s u n d e r w h i c h t h i s h o l d s , due t o 
F e l l e r ['16], t h e l i t e r a t u r e c o n t a i n s no i m p r o v e m e n t s upon 
t h i s "Renewal Theorem i n h i g h e r d i m e n s i o n s ' . • The b u l k o f 
j 
t h e p r e s e n t w o r k , h o w e v e r , i s d e v o t e d t o an i n v e s t i g a t i o n 
o f t h e r a t e a t w h i c h G(A _x) — > 0 as |x| — > + oo. S i n c e 
when X. has n o n - z e r o mean jn one m i g h t e x p e c t t h e b e h a v i o u r o f 
G(A + _x) f o r l a r g e v a l u e s o f |_x| t o depend upon t h e a n g l e 
b e t w e e n x. a n c ! JE» "the p r o b l e m c o n s i d e r e d i n C h a p t e r s I I I and 
IV i s t h a t o f f i n d i n g t h e a s y m p t o t i c b e h a v i o u r as x — > + co 
o f G(A + i x j _ ) , where j i s any f i x e d v e c t o r . The s o l u t i o n 
p r e s e n t e d uses a s t r a i g h t - f o r w a r d F o u r i e r a n a l y t i c a r g u m e n t 
and a p p l i e s u n d e r c o n d i t i o n s w h i c h a r e n o t p a r t i c u l a r l y 
r e s t r i c t i v e u n l e s s k > 4, when t h e e x i s t e n c e o f moments 
o f X o f o r d e r h i g h e r t h a n t h e second i s r e q u i r e d . • I n t h e 
z e r o mean case we a r e a b l e , i n C h a p t e r V, t o f i n d an 
a s y m p t o t i c e s t i m a t e f o r G(A + _x) w h i c h h o l d s as -|x.| — > + co 
I 
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i n any manner, bu;t- ag-a>in; the- r e s u - l t f o r k> > 4- is- nrarred 
b y a p r o b a b l y sup-erf 1 u-cu'S-- c o n d i t i o n - on ; t h e higtvep-- mowe-n'ts 
o f X . 
N o t e S i n c e t h e c o m p l e t i o n o f t h i s t h e s i s P. S p i t z e r has 
p u b l i s h e d a t h e o r e m [p*307> P r i n c i p l e s o f Random W a l k , 
Van N o s t r a n d , 1961+] w h i c h i s s t r o n g e r t h a n t h e o r e m 1.1 o f 
c h a p t e r V, He shows t h a t o u r a s s u m p t i o n (5-1-3) i s 
s u p e r f l u o u s . 
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CHAPTER I 
§ 1. I f t h e d i s t r i b u t i o n o f X. on Lte i s g i v e n by 
?[X = (± 1 > 0, 0 ) j = P[X. = ( 0 , + 1 , 0, 0 ) j = ... 
= P[X = ( 0 , 0, . . . , 0, + 1 ) j = ^ , 
t h e p a r t i c l e h a s . a t t i m e n p r o b a b i l i t y o f moving t o each 
each o f i t s 2k n e i g h b o u r s , and .X g e n e r a t e s t h e s i m p l e k-
d i m e n s i o n a l R.W. B l ' a c k w e l l [ l ] p r o v e d t h a t any R.W on L k (K 5> 1) 
has t h e p r o p e r t y t h a t P*(B) = p[ S n E B f o r an i n f i n i t e number 
o f i n t e g e r s n j = 1 o r 0 f o r any s u b s e t B o f Lte [ t h i s a l s o 
f o l l o w s f r o m t h e 0 o r 1 law o f H e w i t t and Savage [ 1 7 ] ] and I t o 
and McKean [ 1 9 ] c h a r a c t e r i s e d t h e 0 and 1 s e t s f o r t h e s i m p l e 
k - d i m e n s i o n a l R.W. ( k ^ 3) by what t h e y . c a l l e d W i e n e r ' s t e s t . 
T h i s , f o r k = 3, i s 
( 1 . 1 ) 2 2~" £(B ) < + co < > P*(B) = Q , 
n=1 
where *C(B n) i s t h e " d i s c r e t e c a p a c i t y " o f t h e s e t B^, t h e 
i n t e r s e c t i o n o f B and t h e s p h e r i c a l s h e l l 2 n ^ !a. j < 2 n + ^ . 
S i n c e t ' t o and McKean a l s o showed t h a t 
" ^ ( 1 . 2 ) k x CCA) ^ C(A) « k aC('A), where C ( f i ) 
i s t h e N e w t o n i a n c a p a c i t y o f t h e s e t 'A* d e r i v e d f r o m t h e s e t o f 
l a t t i c e p o i n t s A by c e n t r e i n g a t each p o i n t o f A a u n i t cube 
w i t h edges p a r a l l e l l t o t h e c o o r d i n a t e axes., we may r e p l a c e 
C ( B n ) by C ( B n ) i n ( 1 . 1 ) . I n t h i s c h a p t e r we use t h i s 
" j " . k l f k a , ... d e n o t e p o s i t i v e c o n s t a n t s . 
' c l a s s i c a l ' f o r m o f ( 1 . 1 ) and some r e s u l t s o f c l a s s i c a l 
p o t e n t i a l t h e o r y t o i n v e s t i g a t e c r i t e r i a o f t h e f o r m 
2 f ( | . k | ) = + oo f o r B t o be a 1 - s e t . 
b, eB 
P l a i n l y , s i n c e t h e c a p a c i t y o f a s e t depends i n t r i n s i c a l l y 
upon i t s g e o m e t r i c a l c o n f i g u r a t i o n , we c a n n o t hope t o g e t a 
c o n d i t i o n o f t h i s t y p e w n i c h i s b o t h n e c e s s a r y and s u f f i c i e n t 
f o r B t o be a 1 - s e t . T h i s i s made e x p l i c i t i n §.3 where we 
p r o v e ; 
( 1 . 3 ) t h e r e i s no p o s i t i v e f such t h a t 
2 f ( b ) < + co < > P*(B) = „ . 
b e B U 
[ ( 1 . 3 ) i s w e l l - k n o w n : a c c o r d i n g t o B r e i m a n [ 4 ] i t has been 
p r o v e d by P. E r d o s and B. J . Murdoch ( u n p u b l i s h e d ) ] 
I n §.4 we p r o v e ; 
( 1 . 4 ) Z -TTTa- = + co P*(B) = 1 , 
b e B 
( 1 . 5 ) 2 I h I'a = + a o a n c i B a s e t of c o p l a n a r p o i n t s 
b e B ] 
=> P + ( B ) = 1 , 
( 1 . 6 ) 2 i . i . r r r = + CD and B a s e t o f c o l l i n e a r p o i n t s 
b e B l£l l 09l£l 
= > P*(B) = 1 . 
[ H e r e , and t h r o u g h o u t t h i s c h a p t e r we a d o p t t h e c o n v e n t i o n t h a t , 
i n sums o f t h i s f o r m = 1 w n e n J2. = Q. a n c ' 1 09 I I = 1 when 
|b| ^ 1.] 
On a c c o u n t o f ( 1 . 3 ) i t i s no s u r p r i s e t h a t t h e r e i s q u i t e 
- 8 - ' 
a gap b e t w e e n ( 1 . 4 ) - ( 1 . 6 ) and o u r o n l y n e c e s s a r y c o n d i t i o n s 
( 1 . 7 ) P*(B) = 1 Z -T~T = + co. T h i s gap c a n n o t be 
beB 
n a r r o w e d : f o r we show i n §„6 t h a t , g i v e n an a r b i t r a r y 
po s i t i v e-va 1 ued f u n c t i o n f w i t h l i m f ( x ) + co , 
x -> + co 
( 1 . 8 ) t h e r e i s a O-set w i t h Z *\ j y j ^ = + oo , 
beB l ^ l 3 
( 1 . 9 ) t h e r e i s a O-set i n a p l a n e w i t h Z F \ ] ~ j ^ = co , 
beB l ^ l ^ 
( 1 . 1 0 ) t h e r e i s a O-set i n a l i n e w i t h Z ^ j — ^  ,—- = + co . 
beB | b | l o g | b | 
and g i v e n an a r b i t r a r y n o n - n e g a t i v e f u n c t i o n f w i t h 
l i m f ( x ) = 0, 
x •—> + co 
( 1 . 1 1 ) t h e r e i s a 1 - s e t w i t h Z f ( l b ) < + 03 . 
§.2 I n t h i s s e c t i o n we g a t h e r t o g e t h e r what we r e q u i r e f r o m 
c l a s s i c a l p o t e n t i a l t h e o r y . I f G i s a compact r e g i o n i n E a 
and v(x.) i s a f u n c t i o n w h i c h i s h a r m o n i c t h r o u g h o u t E 3 , 
v a n i s h e s as \x_\ — > + co and i s e q u a l t o one on G, t h e n G has 
N e w t o n i a n c a p a c i t y C(G) g i v e n by 
1 9 v 
( 2 . 1 ) C(G) = — ]'[ - ~ d s , where S i s any smooth s u r f a c e 
s 
c o n t a i n i n g G. C(G) may a l s o be c h a r a c t e r i s e d by ( s e e , e.g. 
B r e l o t [ 5 , p. 50]-) 
( 2 . 2 ) C(G) = max £ e ( d x ) : e ^ 0, e = 0 o f f G 
-9-
and P ( y ) = J £ 1 f o r a l l y. 
G 1Y--S.I 
The g e o m e t r i c o p e r a t i o n o f s y m m e t r i z a t i o n w i t h r e s p e c t 
t o a p l a n e P changes a s o l i d B i n t o a n o t h e r s o l i d B' 
c h a r a c t e r i s e d by: 
( 2 . 3 ) B' i s s y m m e t r i c w i t h r e s p e c t t o P. 
( 2 . 4 ) Any s t r a i g h t l i n e p e r p e n d i c u l a r t o P t h a t i n t e r s e c t s 
one o f B and B' i n t e r s e c t s t h e o t h e r . B o t h i n t e r s e c t i o n s have 
t h e same l e n g t h , and t h e i n t e r s e c t i o n w i t h B' c o n s i s t s o f 
j u s t one l i n e segment, w h i c h i s b i s e c t e d by P. 
We w i l l use t h e f a c t [ P o l y a and- SzegB, [ 2 5 ] ) t h a t 
s y m m e t r i z a t i o n o f a s o l i d does n o t i n c r e a s e i t s c a p a c i t y . 
Lemma 2.5 The c a p a c i t y o f any s o l i d c o n s i s t i n g o f n non-
i n t e r s e c t i n g u n i t cubes i s g r e a t e r t h a n o r e q u a l t o k a n 
P r o o f T h i s i s a p a r t i c u l a r case o f t h e Poincar£-»Faber-Szeg8 
i • J. r~tr-\ v / 3V (G where V(G) i s t h e volume o f t h e i n e q u a l i t y , C(G) > ( 4 „ ) ' .. 
r e g i o n G. See, e.g. P o l y a and Szeg.3 [ 2 ' 6 p . 6 3 ] . 
Lemma 2.6 The c a p a c i t y o f any s o l i d c o n s i s t i n g o f n u n i t 
cubes whose c e n t r e s a r e c o p l a n a r l a t t i c e p o i n t s and whose 
f a c e s a r e p a r a l l e l t o t h e c o o r d i n a t e axes i s n o t l e s s t h a n 
k ^  n ^  o 
Proo f F i r s t , n o t e t h a t we can r e d u c e t h e g e n e r a l s i t u a t i o n to 
t h e case when t h e c e n t r e s l i e i n a c o o r d i n a t e p l a n e by 
s y m m e t r i z a t i o n w i t h r e s p e c t t o a s u i t a b l y c h o s e n c o o r d i n a t e 
p l a n e . Now t h e s o l i d c o n s i s t i n g o f such an a r r a n g e m e n t o f 
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cubes i s c y l i n d r i c a l 9 and i t i s a s p e c i a l case o f a t h e o r e m 
o f P o l y a and SzegB on s y m m e t r i z a t i o n w i t h r e s p e c t t o a l i n e 
[ f o r a d e f i n i t i o n o f t h i s o p e r a t i o n and a p r o o f o f t h e t h e o r e m 
see P o l y a and SzegB [ 2 5 , p p . 8 - 1 l ] j t h a t t h e c a p a c i t y o f any 
c y l i n d r i c a l s o l i d i s n e v e r l e s s t h a n t h e c a p a c i t y o f a r i g h t 
c i r c u l a r c y l i n d e r t h a t has t h e same volume and t h e same 
a l t i t u d e as t h e g i v e n s o l i d . Thus ( 2 . 6 ) i s a consequence 
o f t h e r i g h t hand s i d e o f s 
* 5 * v r a d i u s a ( > 1 ) and a l t i t u d e 1 ' 6 
To e s t a b l i s h ( 2 . 7 ) n o t e t h a t i t i s an o b v i o u s c onsequence o f 
( 2 . 2 ) t h a t G t c G a H> C t G j ) < C ( G a ) . Now t h e c y l i n d e r 
c o n t a i n s an o b l a t e s p h e r o i d S x o f s e m i - m a j o r axes (fe, ^ t ^ ) 
and i s c o n t a i n e d i n an o b l a t e s p h e r o i d S 3 o f s e m i - m a j o r axes 
( 1 , a , a ) . 
S i n c e C ( S a ) = 2 C ( S X ) = a s i n l e , where e 3 = 1 - - a so t h a t 
0 < e < 1 , t h e f a c t t h a t s i n * e i s bounded f o r 0 ^ e ^ 1 
e ^ 
p r o v e s ( 2 . 7 ) and hence t h e lemma. 
Lemma 2.8 The c a p a c i t y o f any s o l i d c o n s i s t i n g o f n u n i t 
cubes whose f a c e s a r e p a r a l l e l t o t h e c o - o r d i n a t e axes and 
k7 n r .. 
c e n t r e s a r e c o l l i n e a r i s n o t l e s s t h a n • {.Here a g a i n 
l o g n 
l o g n = 1 when n = 1 j . 
P r o o f S y m m e t r i z a t i o n w i t h r e s p e c t t o a s u i t a b l y c hosen 
c o - o r d i n a t e p l a n e r e d u c e s t h e g e n e r a l case t o t h e case i n 
- 1 1 -
w h i c h t h e l i n e o f c e n t r e s l i e s i n a c o - o r d i n a t e p l a n e and 
t h e n s y m m e t r i z a t i o n w i t h r e s p e c t t o a p l a n e p e r p e n d i c u l a r t o 
t h e l i n e o f c e n t r e s a l l o w s us t o c o n s i d e r r h e cubes t o be 
a d j a c e n t , when t h e y f o r m a r e c t a n g u l a r b l o c k . Thus ( 2 . 8 ) 
i s a consequence o f t h e r i g h t hand s i a e o f : 
( 2 . 9 ) k 8 n y c [ r e c t a n g u l a r n x 1 x 1 b l o c k ] ^ k 9 , n . 
l o g n l o g n 
Now t h e b l o c k c o n t a i n s a p r o l a t e s p h e r o i d S x o f s e m i - m a j o r 
axes (•^ •, • ^ • j -^) and i s c o n t a i n e d i n a p r o l a t e s p h e r o i d S s o f 
s e m i - m a j o r axes ( n , 1 , 1) and, i f n ) 2 C ( S a ) = 2 C ( S X ) = 
n e / l o g y ~ » where e 3 = 1 - ^ a . S i n c e ^ < e < 1 and 
n* ^ ] t e = ^1 - e ^ 5 ^ t h i s e s t a b l i s n e s ( 2 . 9 ) f o r n £ 2 
and i t can o b v i o u s l y be e x t e n d e d t o c o v e r t h e case n = 1 by 
s u i t a b l e a d j u s t m e n t o f k_ and k n . 
Lemma 2.10 The c a p a c i t y o f a s o l i d c o n s i s t i n g o f n u n i t cubes 
whose c e n t r e s a r e c o l l i n e a r and e q u a l l y spaced a t a d i s t a n c e 
2d + 2 a p a r t and whose f a c e s a r e p a r a l l e l i s n o t l e s s t h a n 
k ^ n p r o v i d e d d > l o g n. 
P r o o f C a l l i n g t h e cubes A x , A a, A n w i t h c e n t r e s 
n 
a,, a a , a. w r i t e A = IL A and i n t h e c h a r a c t e r i s a t i o n — 1 — 3 — n r = 1 r 
( 2 . 2 ) o f c a p a c i t y s e t e(d_x) = k ^ d x . when _x e A. Then g i v e n 
any y we may renumber A l s A n i n such a way t h a t 
min | y_ - A R I = ' I Y . " i - i i a n d I Y ~ ±T \ * ( R " 1 ) ( D + 1 ) 
12-
.e(dx) 
f o r r = 2, 3, n. I f | y — a. r|>1, t h e n P r ( y ) = 
n n - i . n - i 
and so P(yJ = E Pr < ^ Q U ^ + r i 1 77) • S i n c e ^ -J 
1 n : 1 1 
d x ^10 * So A { (|y-aPT-|ar.-x|) * ( \Y_-,_f | ' a r i d i f ^ " ^ < 1 
t h e n P»(t) < k J .^1~7T = k 1 0 M J" Tit 
i- d-z < k.~ - j — r = 4n k 4 (~. 
^ 1 0 ( 1 1^2) U l 1 0 
k 1 0 ^ 1 o 
Thus P l ( X ) * k 1 0 . k n and P, (y_) « "( r - 1 ) d , , f - ^ < f o r r > 2 
n n-1 _ n-1 
E 
r = 1 
^ 1 + l o g n, k 1 1 + E ~ i s bounded f o r a l l n by t h e 
a s s u m p t i o n t h a t d > l o g n , and so P(y_) ^  1 f o r a l l y_ f o r some 
c h o i c e o f k . _ > 0. Then C(A) > f k... dx = n k . . . 
10 7. -J 10 — 10 
A 
§.3 I n t h i s s e c t i o n we p r o v e ( 1 . 3 ) , w h i c h says t h a t t h e r e i s 
no p o s i t i v e - v a l u e d f u n c t i o n f such t h a t : 
( 3 . 1 ) E f ( b ) ^  + co < = > P*(B) = J • 
.be B 
We use a 3 - d i m e n s i o n a 1 v e r s i o n o f t h e ar g u m e n t by w h i c h 
B r e i m a n [ 4 ] p r o v e d ( 1 . 3 ) f o r a 1 - d i m e n s i o n a 1 R.W. 
D e n o t i n g by A n t h e s p h e r i c a l s h e l l o f l a t t i c e p o i n t s 
{.a : 2 n ^ |jai < 2 n + 1 j and by I (. n, m, a ) t h e r e c t a n g u l a r b l o c k 
t 
o f . / l a t t i c e p o i n t s 
[a . : 2 n + m < $ 2 n ( l + a ) + m, 0' < a a ^ 2 n a , 0 < a 3 ^ 2 n J , 
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we have 
00 Lemma 3.2 I f I = rU = 1 I r , where I r = I ( n r , , mp , a P ) and [ n r j 
i.s an i n c r e a s i n g sequence of p o s i t i v e i n t e g e r s 
[ m r j a sequence o f n o n - n e g a t i v e i n t e g e r s and [ a r j a sequence 
o f p o s i t i v e r e a l numbers s a t i s f y i n g , f o r each r £ 1 , 
n r 
( 3 . 3 ) : l r S and 2 a r > 1 , 
t h e n 
( 3 . 4 ) : | ^ — = + co < = > P * ( l ) = I . 
r ~ l l o g ^ T 
P r o o f 
N o te t h a t a r i s n e c e s s a r i l y l e s s t h a n one ( o t h e r w i s e 
I r ^ A n ) and t h a t L r i s a s o l i d r e c t a n g u l a r b l o c k 
[ 2 n r a r ] x [ 2 r a r ] x 2 r ( w h e r e [ x ] d e n o t e s t h e l a r g e s t p o s i t i v e 
i n t e g e r ^ x ) . Thus t h e c a p a c i t y C ( / I r ) o f "lr i s [ 2 " r a ] x 
2 n r 1 
c a p a c i t y o f a r e c t a n g u l a r b l o c k 1x 1 x ~ » a n c ! ( 2 . 9 ) 
[ 2 P a r ] 
_ n r 
i m p l i e s t h a t 2 C( I , . ) c o n v e r g e s t o g e t h e r w i t h 
- n r n p 2 n r 
2 • [ 2 a r ] . - — n ~ * ^TTf = iTITJ 5 t h i s 
p l a i n l y c o n v e r g e s t o g e t h e r w i t h — — , and so ( 3 . 4 ) 
l o g — 
°r 
i s a c o n s e q u e n c e o f W i e n e r ' s t e s t ( 1 . 1 ) and ( 1 . 2 ) . 
We now a r g u e by c o n t r a d i c t i o n , and assume t h e e x i s t e n c e 
o f a f u n c t i o n f s a t i s f y i n g ( 3 . 1 ) . W r i t i n g 
F ( n , m , a ) = 2 f ( j . ) > we d e f i n e g (a ) f o r 0 ^ a ^ o 0 by 
j _ e l ( n ,m ,o ) 
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(3.5) g ( a ) = l i m i n f j i n f F(n,m,a) 
where *1 > a 0 = sup(a : f o r every 3 m w i t h I ( n ,m , a ) c A n j >0. 
Lemma 3.6 W i t h i n i t s range of d e f i n i t i o n g ( a ) i s non-decreasing 
and g(a + p) £ g (a ) + g ( P ) . g ( a .) ' < m f o r ' 0 ^ a ^ X f o r some 
ZT > 0. 
Proof The f i r s t a s s e r t i o n i s immediate. As f o r the second, 
take a > 0, p > 0 such t h a t a + p < a 0 and w r i t e m' = m+-[2 na]. 
Then I ( n , m ' , p) = [ a. : 2 n +. m + [ 2 n a ] < a x ^ 2 n ( l + p)+m 
+ C 2 n a ] , 0 < a 3 ^ 2 n p , 0 < a 3 ^ 2 n ] £ { ±: 2 n(1+a ) > m<a 1 ^ 
2 n ( l + a + p) + n, 0 < a 3 ^ 2 n ( a + p ) , 0 < a 3 ^ 2 n} , so t h a t 
I ( n , m, a ) and I ( n , m •, p) are d i s j o i n t subsets of I ( n , m, o + p ) . 
We t h e r e f o r e have, 
(3.7) F ( n , m, a + p) = 2 f(a.) £ Z f(a.) 
a.el ( n, m,a + p ) I(n,m,a) 
+ 2 f(a.) = F ( n , m s a ) + F(n,m/, p) 
I ( n, nf , p ) 
f o r a l l n and m. Now [m : I ( n , m, a + p) g: A J c( m i l ( n , m, a ) c A n j 
and ^m' : I ( n , m, a + p ) s ? A n ] £=[ m' : l ( n , m', p) e A n j , whence, 
f o r every n, 
(3.8) i n f F(n,rn,a) i n f F(n , m,a) , 
m : I ( n^ m, a + p ) £ A n m: I ( n, m, a ) c A n 
( 3 . 9 ) i n f F ( n , r t / , p ) ^ i n f F(n , m,p) 
m t I ( n, rn,a + p ) c A n m: I ( n t m t p ) c A n 
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( 3 . 7 ) , ( 3 . 8 ) and (3.9) i n (3. 5 ) y i e l d 
g ( a + p ) = l i m i n f 4 i n f F(n >m,a+p)T 
n —> +oo (m:I(n,m,a+p) £ A n J 
1 
F(n,m,p 
n —> + co ^m:I(n,m,a)£A m:I(n,m,p)£A n 
^ l i m i n f •/ i n f F(n >m,a) + i n f F(n,m,p), 
• co m: I ( n, m, 
l i m i n f i i n f F ( n, m, a ) -• I 
+OD ( r a i l ( n , i i i , i i ) i A n J . 
+ l i m i n f j i n f F(n,m,p)l 
n — > + co ( m : I ( n , m, p ) £ A n _) 
= g ( a ) + g ( p ) . 
Suppose f i n a l l y t h a t g ( a ) = + co f o r a l l 0 < a ^  a Q . Then 
GO 
g i v e n any 0 < a, < a_ w i t h 2 •: =r~ < + co we see t h a t 
* x o , l o a _ i _ r = 1 
F ( n 4 0 , o r )«H-Q3 J S n-H-QD f o r ,each c^Jhus there i s a sequence of 
p o s i t i v e i n t e g e r s N r such t h a t F ( n , 0, <xr) ^ k 1 3 > 0 f o r a l l 
n N r and hence an i n c r e a s i n g sequence of i n t e g e r s n r w i t h 
n 
2 a > 1| and n r ^ Nr f o r every r . Then by Lemma 3.2 
so 0 0 
I = U I ( n p , 0, a r ) i s a O-set y e t Z T f(a.) = 2 F ( n _ , O,a r)=+co<: 
r =1 J - e i r =1 
t h i s c o n t r a d i c t i o n i m p l i e s t h a t f o r some J* - i n [ 0 , a 0 ] 
g ( c f ) < + co , and hence by the f i r s t p a r t of the lemma 
g ( a ) < + co f o r 0 ^ a ^  if . 
I t f o l l o w s from Lemma 3.6 t h a t g ( a ) k 1 3 a f o r 0 a &~ 
and some p o s i t i v e k i a < + co. For i f a e ( 0 , w r i t e "Jf = na + p 
where 0 ^ p < a, and note t h a t g( V) - g(na + p) ^  g ( n a ) 
ng(a) by repeated a p p l i c a t i o n s of the lemma. Thus ^ ^ a ^  
< na " n • (n*1 )o < If * 1 3 < GO 
Now t a k i n g j a r ) w i t h Z T~"~~T = + co , Z a, < + oo. " 
arid 0 < a P ^ 2f f o r each r we can f i n d a sequence of i n c r e a s i 
n r 
p o s i t i v e i n t e g e r s [ n r j w i t h 2 a f > 1 and 
• L - -
. . i n f F ( n p , m , a P ) ^ 2 k 1 3 a r . 
m:-l(n r ,myai|1.)£An 
Thus t h e r e e x i s t s a sequence of p o s i t i v e i n t e g e r s ' { mr] such • 
that, I ( n p ,mf ,a P ) £ A 0 p and F'( n r j mr.,ot) 4. 2 k 1 3 a P f o r every, r . 
Then I '•= ^ I ( n P , m r , a P ) i s , by Lemma 3.2, a 1-set and-yet 
2 f ( a . ) i = 2 F ( n P ,mp ,"ap ) ^  2 l < 1 3 - > ? < 4 .-co -
a. si r = l ' ' = *•. 
Thi s i s the r e q u i r e d c o n t r a d i c t i o n and' i t - e s t a b l i s h e s ( 1 . 3 ) . 
§.4 ( 1 . 4 ) , ( 1 . 5 ) and (1.6.) are e a s i l y deduced from the 
e s t i m a t e s of §.2. 
Pr-o.of of »( 1 .-4) 
Given a set B of l a t t i c e p o i n t s w i t h Z i _V = + co , 
beB l e t N be the number of p o i n t s i n B , the i n t e r s e c t i o n of B n n 
and the s p h e r i c a l s h e l l A . Then, s i n c e each be B n has 
• n " - . 
|b| > 2 n , . 
(4.1) .2 = + co , 
n=1 2 3 0 1 . 
N 
and t h e r e f o r e , since 2 ~R~~ < <e would c o n t r a d i c t (4.1)., 
X n»1 2 
(4.2) Z = + co . 
n=1 
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But, by Lemma 2.5, the c a p a c i t y of £ i s not l e s s than 
1 n 
k 3N 7 , and so f, 2 ~ n C ( B ) = + co , .making B a 1-set. 
n = 1 
Proof of (1.5) 
•I 
From the assumption t h a t 2 "rz = + co we .have 
k*B l ^ ' 2 
. n = 1 2 
and hence 
„ N * 
(4.4) S = + 00 . 
n=1 *• 
Since the p o i n t s of B are c o p l a n a r , Lemma 2.6- a p p l i e s . a n d g i v e s 
A i C(B ) >, k,N B s t h i s i n (4.4) means ' t h a t B i s a 1-set. x n' / 4 n 
Proof of 1.6 
Thi s timeiwe have, by assumption, 
« H> ' * N n (4. 5 ) 2 = log2 2, — — = + co , < ? n n 3 n=1 „n. „n n=1 * n 2 log2 
and, by Lemma 2.8, 
(4.6) C ( B n ) >y k 7 N n / l o g N n a 
Since N i s'. .he ce s sa r i l y l e s s than 4 r ( 2 R + 1 + 1 ) 3 , which i s • n * 3 . 
3n 
l e s s t h a t e f o r a l l but a f i n i t e number of values of n, 
N 
(4.5) i m p l i e s t h a t 1 - "= + co , which w i t h ( 4 . 6 ) means 
n=1 2 n l o g N n 
t h a t B i s a 1-set. 
For (1.7) we do not need a n y t h i n g as c o m p l i c a t e d as 
Wiener's t e s t . 
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Proof of (1.7) 
I t i s well-known (and proved i n Chapter V f o r a g e n e r a l 
c l a s s of R.l/il's) t h a t |.b| . E(number of v i s i t s t o b) i s bounded 
f o r a l l l a r g e enough | b, | . Thus the convergence of 2 ' | £ | 
means t h a t . E (number o f - v i s i t s to.B) i s f i n i t e , and hence 
P+(B) = 0, and since B i s e i t h e r a 0-set or a 1-set' t h i s i s 
e q u i v a l e n t t o : 
. ' ' P»(B) = 1 = > 2 ~ p ' = . + GO , 
_b .e B ' ' 
. which . i s ( 1 . 7 ) . 
§.5 I n order, t o show t h a t the c o n d i t i o n s ( 1 . 3 ) - ( 1 . 7 ) are the 
best .possible of t h e i r t y p e , we need some i n f o r m a t i o n about 
s e r i e s of p o s i t i v e terms. 
Lemma 5.1 Gi.ven an a r b i t r a r y monotone sequence (^ n) of 
p o s i t i v e terms w i t h l i m \ N = + GO t h e r e e x i s t s f o r each 
n-> + co 
a > 1 ( b n ) w i t h j . 
( 5.2) 0 ^ b n < 1, 
(5.3) 2 b n < + co , 
n=1 
(5. 4 ) 1 ( b j a - \ = + oo . 
n= 1 
Proof 
Let m = 0 and m. f o r i >> 1 be the f i r s t n f o r which o 3 / 
\ n > j a and- m. > m. .. Let b = •—TTS" when n = m. and b = 0 n J J-1 n 2 j .J n 
when n ^ m. f o r any j . Then (5.2) i s c l e a r l y s a t i s f i e d and since 
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S , b n = A b m j " • 2 1 T l + * ' n=1 j = 1 J j = 1 J 
(5.3) and (5. 4 ) are a l s o s a t i s f i e d f o r each choice of 6 i n 
0 < 6 < i 
Lemma 5.5 Given an a r b i t r a r y monotone sequence (^ n) of 
p o s i t i v e terms w i t h l i m ^ n = + 0 0 t n e r e e x i s t s an i n c r e a s i n g 
n -» + co 
sequence of p o s i t i v e i n t e g e r s n^ w i t h ; 
( 5 . 6 ) f. — <.+ co , 
j = 1 n J 
( 5 . 7 ) 2 — — = + co . 
Proof Let 4T be the f i r s t v a l u e of n f o r which ^ n > r , 
l e t m = 0 and k = 2 and d e f i n e m. and k r i n d u c t i v e l y f o r o o r ' 
1 ^ 1 by! 
(5.8) mf = m a x [ 2 r 3 , it , Oif^.l + k f _ x + i j , 
(5 . 9 ) 2 i < l a ^ . 2 1 . 
n=mr n=mr 
Now l e t ( n ^ ) . c o n s i s t of a l l numbers of the form 
mf' + s, where 0 4; k p , arranged i n i n c r e a s i n g o r d e r . Then 
(5.6) h o l d s , f o r , by (5.9) 
2 -V = 2 2' — 7 7 < 2 ~ t < co . 
j = 1 n J f = l S = 0 m r + s ' = 1 1 3 
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Since ( 5 . 3 ) and (5.9) t o g e t h e r g i v e 
k r 1 k r +1 1 
2 — = 2 ~ J~~ 3 m_ + s mr+s m„+kr+1 s=o T s=o r 
k p - + 1 1 1_ 
^ 2 mP + s " 2 r s s-o p 
> 2 r 5 } 
( 5 . 7 ) ^ h o i d s , f o r 
" j a, m r + k r \ s k r 1 2 — = 2 2 Z \ m r Z 7-
j = 1 J f - 1 s=mr r - & ° r 
^ 2 \ r ' 2 r ^ = + 0 0 ' r = 1 
Lemma 5.10 Given an a r b i t r a r y monotone sequence (X. n ) of 
p o s i t i v e terms w i t h l i m \ n = 0 t h e r e e x i s t s an i n c r e a s i n g 
n —7> + co 
sequence of p o s i t i v e i n t e g e r s n j w i t h ; 
(5.11) f. — = + co , n . . n . 
J = 1 J 
(5.12) 2 ^ < + co . 
j = 1 " j 
Proof Let / r be the f i r s t v alue of n f o r which \ i ^ "7 » 
l e t m = k = 0 and d e f i n e k, and m„ i n d u c t i v e l y f o r r > 1 by 
0 0 r r 
(5.13) mr = max [ 2 r , £ » m r - i + k r - i + 1 I » 
k r . . k p+1 
(5.14) 2 — 7 - < ~ < 2 — 7 -m.+s r N nir +s s=o r s=o 
Now l e t ( n j) c o n s i s t of a l l numbers of the form mr + s, w i t h 
0 ^ s ^  kr , arranged- i n i n c r e a s i n g o r d e r . Then (5.12) h o l d s , 
- 2 1 -
f o r by (5.13) and (5.14) 
m p+k p x, 35 rnp + kt, M 
2 1 = 2 2 - r - < 2 x m r 2 - ^ 2 - - . - < + co. „ n . ., s \ . r s ^ ., r r j = 1 j r=1 s=mp r=1 s=mp r=1 
Also we have, from ( 5 , 1 3 ) , mp ^ 2 r , and t h e r e f o r e 
£ r _ J k f + 1 _ J 1 .1 _ J _ = _1_ 
m,+s ~ m. + s m.+kr+1 r ~ 2r 2r , s = o f' s=o r F ' 
whence 
2 T- = 2 ZT — 7 7 > | £ ~ = + GO , • i « m,+s „ r J = 1 J r=1 s=o r r = 1 
so t h a t ( 5.1-1 ) h olds . 
§.6 The a s s e r t i o n s ( 1 . 8 ) — ( 1 . 1 1 ) are now proved usin g the 
r e s u l t s of §.5. 
Proof of (1.8) Given an a r b i t r a r y p o s i t i v e f u n c t i o n f w i t h 
l i m f ( x ) = + co , we are r e q u i r e d t o e x h i b i t a O-set B w i t h 
x —> + co 
~ — i / I X = + Qo . I t ' I s s u f f i c i e n t t o do t h i s i n the case 
beB l£l 3 
t h a t f ( x ) i s monotone: f o r i f g ( x ) = i n f f ( y ) , g ( x ) i n c r e a s e s 
m o n o t o n i c a l l y t o + oo and i s l e s s than or equal t o f ( x ) , so that 
any O-set w i t h 2 2 \ [t\ ^  = + OD n e c e s s a r i l y has Z f i J T-! ^  = + 
b£B l ^ ' 3 • beB l ^ l 3 
Now i f i n Lemma 5.1 we put ^ n = f ( 2 n ) and a = 3 we get a 
sequence ( b n ) w i t h ; 
(6.1) 0 ^ b.n < 1 , 
(6.2) 2 b < + CD , 
n = 1 n 
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(6.3) 2 b 3 f ( 2 n ) = + oo . 
n = 1 
L e t t i n g B n be the set of a l l l a t t i c e p o i n t s l y i n g 
w i t h i n a sphere of r a d i u s b n 2 n 1 c e n t r e d at the p o i n t 
( 3 . 2 n ~ 1 , 0, 0 ) , i t i s easy t o see t h a t B = U B i s a 0 - s e t , 
n = 1 " f o r B i s c e r t a i n l y c o n t a i n e d i n a sphere of r a d i u s n 
2 n b n + 1, and so has c a p a c i t y l e s s than or equal t o 
2 n _ 1 b n + 1 s whence, by ( 6 . 2 ) , 
£ 2" n C(B ) < 2 |A + * n < + oo . 
n=1 n=1 
Moreover N > kA.(2n 1 b ) 3 f o r some k„ . > 0, thus n ' 14 n 14 ' 
2 = I 2 H M 1 > £ N f ( 2 n ) , ^ 1 2 b 3 f ( 2 n ) , 
L
2 j
n |b|3 2 j i b 3 > *\ N n /«n+1»3 * ^4 * n _b.eB — n = 1 b.eBn — n = 1 (2 ) n-1 
and by (6.3) t h i s l a s t s e r i e s d i v e r g e s . 
Proof of ( 1 . 9 ) Again we may take f ( x ) t o be monotone, but 
t h i s t i m e we put ^ n = f ( 2 n ) and a = 2 i n Lemma 5.1 t o get a 
sequence ( b n ) w i t h : 
( 6 . 4 ) 0 ^ b n < 1, 
(6.5) f b n < + GO , 
n=1 
09 
(6.6) 2 b 2 f ( 2 n ) = + oo . 
n = 1 
L e t B n c o n s i s t of a l l l a t t i c e p o i n t s of the form ( a l s a a,0) 
n-1 
l y i n g w i t h i n a sphere of r a d i u s 2 b n c e n t r e d a t the p o i n t 
( 3 . 2 n ~ 1 , 0, 0 ) . Then N n ^ k 1 & ( 2 n " 1 b n ) 8 and since f n i s 
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c e r t a i n l y c o n t a i n e d i n a r i g h t c i r c u l a r c y l i n d e r of h e i g h t 
1 and r a d i u s 2 n ^b n+1 i t s c a p a c i t y i s not more than 
k 5 ( 2 n " 1 b n + 1 ) , by ( 2 . 7 ) . T h e r e f o r e , by (6.5) and (6.6) 
r e s p e c t i v e l y , 
2 2 C(B ) < k 5 2 -f- + 2 < + cr> 
n=1 n=1 
and 
2 2 2 Mm > I N(n) - 4 ^ 
beB U|2 n = 1 bs B ^ 4 
s •£ „
n=1 ( 2 n + 1 ) 2 
k 0 0 
> T T 2 , f< 2"> b n = + 0 3 • n = 1 
so t h a t B i s the r e q u i r e d O-set. 
Proof of (1.10) Once more we may assume t h a t f ( x ) i s monotone 
and so can use Lemma 5.5 w i t h n = f ( 2 n ) t o f i n d an 
i n c r e a s i n g sequence of p o s i t i v e i n t e g e r s n j w i t h ; 
( 6 . 7 ) 2 — = + co , . „ n . ' 
J = 1 J 
n. (6.8) 2 "J ^  < + 
j = 1 n J 
Let B„ c o n s i s t of the 2 n l a t t i c e p o i n t s of the form n 
( a l , 0, 0) w i t h 2 n ^ al < 2 n i f n = n^ f o r some j : l e t B n 
be the empty set i f n / (n^)., Then by (2.8) the c a p a c i t y of 
A k 8 2 n j 
B n. i s not more than : „, so t h a t 
n j n j l o g 2 
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and B i s , by ( 6 . 7 ) , a O-set. However, by ( 6 . 8 ) , 
n i 
s 9 f ( 2 J ) _ , m 
' j = 1 n j l 0 9 2 
• Proof of (1.11) Given an a r b i t r a r y non-negative f u n c t i o n 
f ( x ) w i t h l i m f ( x ) = 0, c o n s i d e r g ( x ) = sup f ( y ) . Then 
x — > + co y£,x 
g ( x ) decreases monotonica 1ly t o zero and i s always g r e a t e r than 
< + co or equal t o f ( x ) , so t h a t any 1-set w i t h 2 
beB 
- I ) b | 
n e c e s s a r i l y has 2 * K < + co . Thus we need o n l y 
b_t B 
e s t a b l i s h (1.11) f o r an a r b i t r a r y f ( x ) d e c r e a s i n g monotonica1ly 
t o zero. W r i t i n g i n Lemma 5.10 \ n - f ( 2 n ) we f i n d an 
i n c r e a s i n g sequence of p o s i t i v e i n t e g e r s n j w i t h ; 
( 6.9) 2 — = + co , 
j = 1 n J -
n. (6.10) 2 < + co 
. „ n . 
• J = 1 J Let B n be the empty set i f n i ( n j ) : l e t B n f o r n = n j c o n s i s t 
2n. 
2n-of a l l p o i n t s of the form ( 2
n + 2 r n , 0, 0) f o r 0 < r < - 1. 
/\ 2 n j Then B n . c o n s i s t s of [~ ] u n i t cubes whose c e n t r e s are n j L 2n j J 
c o l l i n e a r and e q u a l l y spaced a t a d i s t a n c e 2 n j a p a r t and whose 
r 2 n J 
faces are p a r a l l e l . Since 1 l o g [ j ^ — ] < n..log2 - l o g 2 n j < n j - log2r 
3 ^ 2 n j 
Lemma 2.10 a p p l i e s i f n, >. 2 and g i v e s C(B n.) > k 1 n: J ^ n j ' 10 L2n-j J 
>, k,, - — . Thus ' 16 n j 
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Z 2 C(B ) >, Z 2' J C ( B n . ) k Z — , 
n=1 " j= 2 J ' 1 6 j = i n J 
Z 
be B 
f ( b ) 
b 
2 = Z Z 
j = 1 b E B n . 
f ( |b ) n i 
j = 1 2"J j = 1 
so t h a t , by (6.9) and ( 6 . 1 0 ) , B i s the r e q u i r e d 1-set w i t h 
2j 1 . — < + co . 
beB ^ 
-26-
CHAFTER I I 
§.1 I f (^.n) i s the simple 3-dimensiona 1 R.W and D i s any 
l i n e of l a t t i c e p o i n t s p a r a l l e l t o an a x i s , the f a c t t h a t 
the 2-dimensiona 1 R.W (S. n) d e r i v e d by p r o j e c t i n g S.n onto a 
plane p e r p e n d i c u l a r t o D i s r e c u r r e n t ( t h a t i s , 
P^iL n = J. f ° r a n i n f i n i t e number of v a l u e s of n] = 1 f o r every 
a. e La) i s s u f f i c i e n t t o show t h a t P*(D) = 1. Thus a 
p a r t i c l e which s t a r t s at any p o i n t a. of L 3 and performs the 
simple R.W i s almost c e r t a i n t o v i s i t D, and i n t h i s chapter 
we are i n t e r e s t e d i n i t s p o s i t i o n when i t f i r s t does so. 
P l a i n l y t h e r e i s no l o s s of g e n e r a l i t y i n t a k i n g D t o be the 
x 3 a x i s and the p a r t i c l e t o s t a r t a t a p o i n t ( a , b, 0) i n the 
xi» xa p l a n e . Then we can d e f i n e a R.V. F g b as the x 3 
c o o r d i n a t e of the p o i n t a t which (J3 n) f i r s t v i s i t s D by 
(1.1) P [ F a b = k j = f g b = P[ S i / D, S n_ 1/D, S n = (0,0,k) 
f o r some n ^ 1 | S 0 = ( a , b s 0) J . 
In §.2 the c h a r a c t e r i s t i c f u n c t i o n $ a b ( ® ) °f F a D i s 
f o und, and i t s behaviour as 9 — > 0 and r = ( a 3 + b a ) ^ - — > +co 
K k i s s t u d i e d . I n 9.3 we deduce r e s u l t s about f , as k — > + GO 
ab — 
w i t h a and b f i x e d and i n §.4 and 3.5 i n v e s t i g a t e the R.V's 
F , as r > + co . :• -
ab 
§.2 Let P g b c be the n-step t r a n s i t i o n p r o b a b i l i t i e s , d e f i n e d 
by , 
abc = 1 i f n = 0 a n d ( a r b» c ) = (°» °» °) 
0 i f n ='-0 and ( a , b, c) / ( 0 , 0, 0) 
(2.1) 
= p{S. n = ( a , b, c)|S = ( 0 , 0, 0) J f o r n ^ 1. 
D e f i n e ^abc b y ' 
q n, = 0 i f n = 0 Mabc 
(2 . 2 ) 
= P [ W D , Sa/D, .. S^^D, S n = ( 0 , 0, c ) | S Q = 
( a, b, 0) j f o r n ) 1, 
so t h a t , i f ( a , b) £ ( 0 , 0"),] qabc|- i s the p r o b a b i l i t y t h a t 
n & 
^ooc 
( a , b , 0 ) ) ( h i t s J 
r ^ ] r e t u r n s t o ' 3 ( 0 , 0 , 0 ) 4 
a p a r t i c l e s t a r t i n g a t 
a x i s a t time n ,and p o s i t i o n ( 0 , 0, c ) . 
Note t h a t 7 P [ l = ( 0 , 0, c)|S. o = ( a , b, 0 ) J = 
P { l n = ( 0 , 0, C)|S_ q= (-a, -b, 0) | = P ! | b c i and l e t A N be the 
event [ S. = ( a , b, 0 ) , S. ' = ( 0 , 0, c ) j . Then f o r n ^ 1 
we can decompose by time and place of f i r s t h i t t i n g D i n t o 
the m u t u a l l y e x c l u s i v e events B* SQ = ( a , b, 0 ) , 
S.i/D, ..,S./ D, S.r = ( 0 , 0, k ) , S . = ( 0 , 0, c) I . By the 
Markov p r o p e r t y P [ B ^ |S.q = ( a , b, 0 ) | = . P [ 1 = ( 0,0, c ) | S.R = ( 0, 0, k 
• P [ l i / D , .. D, St = ( 0 , 0, k ) | S Q = ( a i b , 0 ) j = 
" OOc^Tt *abk » 
so t h a t , f o r n ^ 1, 
-28-
(2.3) Pn, = Pj A IS = -(a.b,0)'f = 2 2 P""^-T-
x ' abc <• n o 1 ' J r = l u-.^ OOc^ Tc ^abk 
I f ( a , b) ^ ( 0 , 0) we a l s o have, by d e f i n i t i o n , 
W r i t i n g ( a ) = 2 e U e , , 
c=-oo 
^ n f f l \ «F i c e n 
c=-oo 
we n o t i c e t h a t | P a b ( 6 ) | ^ 1, | Q a b ( e ) K l f o r a l l r e a l 6 s ° w e 
i c 0 
may m u l t i p l y ( 2 . 3 ) and ( 2 . 4 ) by e and sum over a l l i n t e g e r s 
n n - r 
c t o get 
(2.5) Pg b(e) = 2 P o 7 ( 8 ) Qg b (e) f ° r n > 1» 
< 2- 6> P a > > = ^ a b ( e ) < = 
Taking r e a l s w i t h |s| < 1 we can i n t r o d u c e the double 
g e n e r a t i n g f u n c t i o n s 
P a b ( s ' 6 > = 2 C ^ 6 " > <W S > 9 > = 2 Qab ^ s ° > n=o n=o 
and i n terms of these ( 2 . 5 ) and ( 2 . 6 ) become 
(2 . 7 ) P a b ( s , e ) = 0 a b ( s , 9 ) P 0 0 ( s , 8 ) . 
Now P a b ( „ 9 ) - J ( S P ^ e " e ) s " 
% n = o c=-co 
= 2 e l c 6 2 P n„ s n , the i n t e r c h a n g e of 
c = -co n = o 
ord e r of summation being j u s t i f i e d f o r |s|<1 by the a b s o l u t e 
convergence of the sum, si n c e 2 Pn, £ 1. I f 0 ( 6 ) i s the 
3 -j c = -oo abc N ^ — 
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c h a r a c t e r i s t i c f u n c t i o n of the R.V. X which generates (S.n)» 
jZJ(e) = E ( e 1 — ' - ) = -jCcosej, + cos9 g + c o s 9 3 ) , and, since S.n 
has c h a r a c t e r i s t i c f u n c t i o n 0 n ( 9 ) f o r n 1 i f S = (0 , 0, 0 ) , 
( 2 * 8 ) Pabc = 7277" JTJ i Z 5 n ( e ) e - i ( a e i + b 9 3 + c e 3 ) d 9 1 d 9 a d 9 3 f o r n > 0. 
-TT 
_, a _n n 1 ,. M T - i ( a 9 , + b 9 a + c9 3 ) Thus 2 P.u-S = ~7T~~\* l i m I I I e 
1 ~ (sg (a) d9,d9 8d9 3 
IT - i ( a9 1+b9a+c9 3 ) 
(27TT JTJ' J 5 1 - S ^ ( 9 ) d e i d 9 8 d 9 3 f o r | 8 | < 1 , 
abc ( 2n ) a ^ , • 
n=o v ; N-> + co -TI 
-TT 
since | sjZ5(9_) | N + 1 ^ | s | N + 1 — > 0, so t h a t i f we w r i t e 
TI - i ( a e 1 + b 9 a ) 
*ab< s' 9 s ) = T27TT I I l - s ^ g ) d ^ d 9 a 
we have 
(2.9) P a b ( s , 9 ) = § e i C 9 2V I * a b ( s ' e 3 ) e " i c e 3 d 9 3 . 
C = - C 0 -TT 
For each s w i t h |s|< 1, 
a - s i n e s e - i ( a ® i + b e a ) 
T f c i w = ^ T ^ J ] | — 7 T ^ F ' d e i d e a 
e x i s t s and i s f i n i t e f o r a l l 9 3, so t h a t D i n i ' s convergence 
theorem a p p l i e s t o (2.9) t o y i e l d 
(2.10) P a b ( s , 9) = * a b ( s , 9 ) . 
From (2.7) and (2.10) we have an e x p l i c i t e x p r e s s i o n f o r 
era p 
Q a b ( s , 9 ) . Moreover, since L q a D C < 1» 
c=-oo 
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( 2 . 1 1 ) Q a b ( s , S ) . 1 . » % , l b c ^ 6 - 1 e - 9 I , ; b e . » , 
n=0 C = -GO c = -co n-o 
and as s * 1 1 q" s n f t o 2 q" „ = £ 1. 
• n=o ^abc ' n=o abc at' N 
Since f. f ^ f a = P ( p a r t i c l e s t a r t i n g a t ( a , b, 0) h i t s x 3 a x i s ] 
c=-oo 
= 1, we can l e t s i n c r e a s e t o one i n (2.11) and apply the 
. theorem of dominated convergence t o get 
(2.12) l i m Q a b ( s , 9 ) = S e i c 9 fc = 0(9), 
s f 1 " c=-oo 
where $ a b ( ® ) i s the c h a r a c t e r i s t i c f u n c t i o n of the R.V 
d e f i n e d onp.26.But i f 9 3 ^ 0 (mod 2TT ) 
1 n e - i ( a 9 1 + b 9 a ) 
l i m t a b ( s , 0 3 ) = J 2 7 ) T J'j , •_ ( c o s e l + c o s 9 a + c o s e 3 ) d e i d 6 a 
1 c o s a 9 1 c o s b 9 a 
( 2 T T ) 3 J J 1 - 1 ( c o s g i + cosga+cosg.,) d e x d e a 
3 
^ 9 a b ( e 3 ) , 
so t h a t , i f ( a , -b) £ ( 0 , 0 ) , by v i r t u e of- ( 2 . 7 ) , (2.10) and 
(2.12) 
g a h ( Q ) 
0 a b ( e ) = FT^ T if 9 ^  0 ( m o d 2 n ) 
(2.13) 0 0 
= 1 i f 9 = O(mod 2 n ) . 
I n the case t h a t the p a r t i c l e s t a r t s from the o r i g i n 
( a , b) = ( 0 , 0) and a l t h o u g h (2.3) and (2.5) s t i l l h o l d f o r 
n >, 1 we have P° . = &, ( t h i s , the Kronecker d e l t a , i s one S 00k ko 
i f k = 0 and zero o t h e r w i s e ) w h i l e q ° o k = 0- T h e r e f o r e the 
analogue of (2.7) i s 
- 3 1 -
(2.14) p (s,e) - p° ( 0 ) = P (s,e)Q (s,e) - P° (e)Q° (e) 
x ' 0 0 V * 00 00 ' ' 00* 1 ' 00 ' 00 
and s i n c e P° ( 9 ) = 1, Q° ( 9 ) = 0, t h i s reduces t o oo oo 
(2.15) Q 0 0 ( s , 9 ) = 1 - p - f o s y • 
oo 1 ' 
J u s t as (2.13) f o l l o w s from ( 2 . 7 ) , (2.15) leads t o 
(2.16) 0 O O ( © ) = 1 " TQ-T i f 6 / 0 (mod 2n) 
9 o o 
= 1 i f 0 = 0 (mod 2T T ) . 
Thus the behaviour of the c h a r a c t e r i s t i c f u n c t i o n s 
j z i a ^ ( 0 ) i s c o m p l e t e l y determined by the behaviour of the 
f u n c t i o n s 9a]g(6)» some of whose p r o p e r t i e s are the c o n t e n t of 
Lemma 2.17 For a l l (a,b) and 9 ^ 0 (mod 2TT ) 
(2.18) o < ' g a b ( e ) < + co . 
There e x i s t s c o n s t a n t s k x and k a independent of 9, a, b 
such t h a t : 
(2.19) : | g a b ( 9 ) - f K 6 ( r | 0 | ) | < k x f o r 0 < |6| ^ n 
and (a,b) £ ( 0 , 0 ) , 
(2.20) : | g Q o ( 9 ) - | l o g j | j | < k 3 f o r 0 < |0| ^  n, 
where r = ( a a + b a ) ^ and K Q i s the Bessel c o e f f i c i e n t of 
zero o r d e r and imaginary argument. 
F i n a l l y we have the a s y m p t o t i c e s t i m a t e s : 
( 2 ' 2 1 ) d 0 9 o o ( 9 > a 5 H 0 
i -32-
< 2 - 2 2 ) di7 9 0 0 ( 9 ) A A ^ as 9 J,0. 
C o r o l l a r y t o Lemma 2.17 Fox a l l (a,b) and a l l 0 ^ 0 (mod 2TT ) 
(2.23) o < 0 a b ( e ) £ .1 . 
Proof of Lemma 2.17 
I f we w r i t e , f o r 0 o'(mod 2TT ) 
.3 pi- cos aa cos bB 
9afcr ; ~ ( 2 n ) 3 J J 3-cos0-cosa-cosB 
- T T R 
_3_ ,7p e - i ( a a ^ b p ) , d a , d B 
( 2 n ) s -J J 3-co s0!-co sa-co sp 
""TT R 
3 g - i ( a a + bp) -^ g - 1 ( 3-co sG-co sa-co s p ) d t 
( 2TT ) a _^ o 
r ^ ^ v ^ i t T -t ( 3 - c o s 0 - c o s a - c o s p ) ,. . ,„ . , „ the f a c t t h a t J J e v r ' d t da dp < + co 
— TT 0 
a l l o w s us to i n t e r c h a n g e the or d e r of i n t e g r a t i o n t o g e t , 
GO /_ o >• \ /^\ r, r - t ( 3 - c o s 0 ) 1 i- - i a a t c o s a , (2.24) 9 a b ( 6 ) = 3 J e ' 2TT J e e d a * o -n 
1 V- - i b p tcosp,„ 
2T7 J 6 6 d P d t ' 
- T T 
= 3 } e - ^ 3 - C O s e ) l a ( t ) l b ( t ) d t , 
6 
where I ( t ) i s the m o d i f i e d Bessel c o e f f i c i e n t of o r d e r a. 
Since I a ( t ) and I ^ ( t ) are p o s i t i v e when t > 0, the f i r s t 
a s s e r t i o n f o l l o w s from ( 2 . 2 4 ) . 
N o t i n g t h a t g K ( 6 ) i s an even f u n c t i o n ot 0, take 
0 < 0 ^ n and w r i t e i 
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1TTT _ 3 p cosaa cosbp da dp 
9 a b ~ 2ns J J . a'a ' . sB^ . 30 oo s i n 2 + s i n 2 + s i n 2 
, H I T o 
00 
f f cosaa cosbB > ,. , . 1n\ 
fJ ? T F T 0 8 d a d P + h a b ( e ) -
The i n e q u a l i t i e s 
0 . . 9 . 9 
-4 s i n ? 2' 
0 $ ( f ) - s i n * § = £(cos9 - 1 + § ) < *. . f f » 
b o t h h o l d i n t h e range- 0 ^ 0 ^ n and l e a d t o 
00 ^ s i n ' r + s m 9 7" J 2 2 
2_ ,-r P » B + 9 , . 3E1 
00 
09 OB 
S i n c e f JT a ^ T p a T l a d ° d * = K 0<-|©| ) i f r > 0, (2.19) w i l l 00 K 
f o l l o w f r o m (2.26) i f we can show t h a t t h e e r r o r i n v o l v e d i n 
r e p l a c i n g t h e r e g i o n o f i n t e g r a t i o n ( 0 ^ a ^ TT , 0 ^ p ^  n) 
i n (2.25) by t h e r e g i o n ( 0 $ a, 0 ^ p) i s , f o r ( a , b ) ^ ( 0 , 0 ) , 
bounded f o r a l l 0 < 0 £ TT u n i f o r m l y i n a and b. To do t h i s 
we use t h e f o l l o w i n g v e r s i o n o f t h e second mean v a l u e 
t h e o r e m f o r 2 - d i m e n s i o n a 1 i n t e g r a l s , w h i c h has been p r o v e d by 
Hobson [ 1 8 , p. 5 7 2 ] . 
Theorem 2.27 I f >|r(a,p) i s i n t e g r a b l e and $ ( a , p ) i s non-
n e g a t i v e , monotone d e c r e a s i n g i n a and p and i n t e g r a b l e i n 
, -34-
( A j ^ a ^ A 3 9 Bi p ^ B 3 ) P t h e r e e x i s t s A s, B a w i t h 
A i ^ A 3 £ A s a n d B i < B 3 < B 3 such t h a t 
AaB a A 3B 3 J* J 0(a,pH(a_ Ap)dadp = # ( A l 9 B x) f J * ( a 4 p ) dadp. 
A ^  B ^  A J B J _ 
For i f a s + b a > 0 t h e r e i s no l o s s of g e n e r a l i t y i n 
t a k i n g |a| ^  1, s i n c e 9 a b ( e . ) = 9fca(®)» a n d t a k * n 9 R > TT we 
can apply Theorem 2.27 w i t h $ ( a , p ) - and 
9 3 + a 8 + p 3 
ijr(a^p) = cosaa cosbp i n the r e g i o n (n ^[ a ^  R, 0 ^  p ^  TT ) 
t o get 
R n A B 
(2.28) J J C O S a a C 0 S b P dadp„= 3 f cosaa da f cosbp dp. 
IT b 6 a + a 3 + p 3 9 3 + T T 3 TT b 
B 
Now" B ^  n so t h a t | |" cosbp clp| ^ TT and a ^  0 so t h a t 
A - o o 
| J" cos aa da | ^  - j — 2 . Moreover, as i s 
TT , A | e a + a 3 + p s 
RTJ 
i n t e g r a b l e i n (n ^ a, 0 ^  p £ n) , l i m J'J cosaa cosbp d a d p 
R-> + co no. ga + a a + pa 
TT 0 0 hft 
e x i s t s and equals J J c o s a a ! C O S DP dpda. Using t he f a c t 
o n 9 3 + a 3 + p 3 -.(e>+p»)t 
(Er d ' e l y i [ 1 2 , p . 7 ] ) t h a t J = f * ^ , 
b e 3 + a a + p 3 * (e 3 + p 3 ) t 
we can l e t R -» + oo i n (2.28 ) t o get 
6.29) 
TT - a ( 9 3 + p a ) t TT TT U O 
* [• cosbpe P _ i _ d p _ cosaa cosbp d a d p 
2 o ( 9 s + p 3 ) £ oo 9 3 + a 3 + p 3 
where k 3 i s a f i n i t e c o n s t a n t independent of 6, a, and b, 
i "35-
» - a ( 9 a + B a ) 
Since I' C 0 S b P e dp = K ( | e | r ) ( E r d S l y i [ 1 2 , p. 1 7 ] ) 
o (G a + p 3 ) * ; 0 
0 0 u 0 -a(G a + Ba; <= -ap » -B 
TI X ^ n r TI R 
( 2 . 2 5 ) , (2.26) and (2.29) prove ( 2 . 1 9 ) . 
When a = b = 0 the argument i s more d i r e c t , f o r 
a i a) 2 Vr f' d a d P 
3 o o v ' (2n)a J J 3-cose-cosa-cosB — n — TI 
3 Z da 
~ 2n J [ ( 3 - c o s G - c o s a ) 3 - l ] t 
3 V- :_da 
2 " o ( s i n a | + s i n a | ) ^ ( A 3 s i n a | + s i n a | ) ^ 
where A 3 = ^ + s^-n ? 
0 
sine — 
3 T 2Adt 
2 t i 6 ( t a + ( t a + A 8 ) s i n a | ] ' ^ i [ t 8 + A a s i n a f ( t a + A a ) } * » 
a 
where t = Atan ^ » 
3k T. d t . . 1 = —— r T , where k = r-
" o ( l + t a ) t ( l + k ' a t - a ) t 1 + s i n a | 
and k a + k' a = 1. Thus we have 
(2.30) g 0 0 ( e r = ~ K ( k ) , 
K d e n o t i n g t he complete e l l i p t i c i n t e g r a l of the f i r s t k i n d 
-36-
Now sinlj- ( 2 + s i n a ^ - ) B 
k 1 = — - * r = 
1 + s i n 3 * 0 3 S 9 ^ ° ; 2 
1 1 
and i t i s not d i f f i c u l t t o see t h a t |1og —, - lo g — | 
i s bounded f o r 0 ^  0 ^ TT . Since i t i s known ( E r d e l y i 
[ 1 4 , p.318]) t h a t | K ( k ) - liog | i s bounded f o r a l l k, t h i s 
i s s u f f i c i e n t t o e s t a b l i s h ( 2 . 2 0 ) . 
The r e p r e s e n t a t i o n (2.30) a l l o w s us t o w r i t e down 
e x p r e s s i o n s f o r the d e r i v a t i v e s of q ( 0 ) i n terms of 
3oo 
K(k) and E ( k ) , the complete e l l i p t i c i n t e g r a l of the second 
k i n d , f o r the d e r i v a t i v e s of E and K may always be expressed 
i n term's of E, K, and elementary f u n c t i o n s . We can then use 
i 
the known a s y m p t o t i c e s t i m a t e s f o r E and K, the r e s u l t s being 
(2.31) g Q O ( 0 ) = -3 E . ^ i r t a n f .(2 + sin a§)} " V - as 9 | 0, 
l s i n —(2+!sin — ) 
. 40 L „ . 3 0 
r s i n •©( s i n ' f + 2 s i n < ' f - 2 ) 
l C O s e . , . .8 — . s i n s | ( 2 + s i n a | ) ' 1 + s i n a | 
which are (2.21) and (2.22) r e s p e c t i v e l y . 
§.3 By a s s e r t i o n (2.20) of Lemma 2.17, 0 ( 0 ) / \ r 1 - n — r 
31ogg 
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as 9 J , 0. Moreover l i m j q , ( 9 ) - g ( 9 ) ( e x i s t s and 
9j,0 l " a b 0 0 S 
equals -3 c g b» wher e - f o r ( a , b) ^ ( 0 , 0) 
/ o * ^  o, s 1 n- 1-cosaacosbB . ,a . _ (3.1) 0 < c , = -rz—rr „ da d B < oo , x ' ab (2n)s •> 2-cosa - cosB K 
, T t C - u 
so t h a t 0 a b ( 9 ) / v 1 - ^ as 0 J, 0. I t f o l l o w s immediately 
3 l o g 9 ! from a theorem of Pitman [ 2 4 ] t h a t i f F , ( x ) i s the 
d i s t r i b u t i o n - f u n c t i o n of the R.V F , 
a b 
(3.2) F a b ( x ) ~ 1 - ;as x - » + co 
"^ab a s x > - co , 
21og | x| 
where c =4". However the . behaviour' o f the i n d i v i d u a l oo 3 
p r o b a b i l i t i e s f ^ f o r l a r g e k depends on deeper p r o p e r t i e s 
of 0 a b ( e . ) - Since $ a b ( e ) i s an even f u n c t i o n of 9 




J i?5; b(9) s i n k 9 d 9, i f k / 0, 
b 
so we are i n t e r e s t e d i n the a s y m p t o t i c behaviour of the 
F o u r i e r c o e f f i c i e n t s of a f u n c t i o n which has a s i n g u l a r i t y 
l i k e —- a t 0 = 0. A's the stand a r d theorems do not 
. e(log£)a 
seem "to apply i n t h i s case, we prove a lemma t h a t i s more 
g e n e r a l than we need and extends a theorem ofZygmund 
[ 3 0 , p.190, theorem 2.24] t o the case 6 = 1 ( h i s n o t a t i o n ) . 
! -38-
The lemma does not seem t o - h o l d w i t h o u t a c o n d i t i o n l i k e ( 3 . 6 ) . 
Lemma 3.3 Let b ( x ) be a non-negative f u n c t i o n s a t i s f y i n g ; 
( 3.4) b ( x ) i s of bounded v a r i a t i o n i n every i n t e r v a l (e , TT ) 
i 
w i t h e > 0; 
(3.5) b ( x ) i s s l o w l y v a r y i n g a s x ,]<• 0 ( t h a t i s f o r every 
6 > 0, x 6 b ( x ) i s an i n c r e a s i n g , and x"6 t'(x) i s a d e c r e a s i n g , 
f u n c t i o n of x f o r a l l small enough p o s i t i v e x ) ; 
(3.6) l i m b ( x ) = 0, and the convergence i s u l t i m a t e l y 
x|0 
monotone. i 
™ b ( ) 1 Then a = f ' x ' s i n nx dx (V 7 b( — ) as n > + oo . n •> x 2 n o 
Proof of Lemma 3.3 
61/ / n 
W r i t e a n = ^ J + f + r * + {- { s i n A x d x . 
' V n V n 
and c a l l the i n t e g r a l s I l , I a , I 3 , and 1^ r e s p e c t i v e l y . 
S i n c e , by assumption ( 3 . 6 ) , b ( x ) i s an i n c r e a s i n g f u n c t i o n 
of x t h r o u g h o u t some neighbourhood of zero, we have f o r a l l 
l a r g e enough n 
6 v n 11 I < n J " b(x) l ^ ^ l dx < H b ( - i i ) , 
- 0 
so t h a t i f *>1 ^  1 
(3.7) | I I I ^ 1 n < &1 f o r n >, ni(6, ) . 
i 
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Again b ( x ) i s monotone i n ( .2.1 ) f o r a l l l a r g e 
enough n, and the second mean value theorem (Hobson [ 1 8 , 
p . 5 6 5 ] j shows t h a t f o r some: bl ^ ^n.-^ 6 a 
*a 
i . = .r s i nx x b ( i ) dx = b ( ^ ) fn dx + b(± a) r n n J x n J s l nx dx. 
Now dx = ~» and t h e r e f o r e •I x 2 o 
(3.8) l a - f b ( ^ ) = i b ( ^ ) - b ( ^ ) j .[ s mx x dx + J b ( ^ ) - b ( i ) J 
w sin x , dx 
\, x 
. c s l nx , , . / 1 i i» + b( — ) dx + b ( — ) 1 n J x n' J 
s l nx dx. 




• s i nx dx| ^ A, | s I nx d x l ^ — , i n ( 3 . 8 ) , we have 
\ D 
la TJ_ 2 -1 
b ( i ) 
- 1 
f o r n > n a (\&0 . 
• By assumption (3.5) we can choose 6a > 0 such t h a t 
k j ^ x ^  i s a d e c r e a s i n g f u n c t i o n of x i n ( 0 , 6 3 ) , and then we 
can apply Bonnet's mean value theorem {Hobson [ 1 8 , p.565] j 
t o 13 t o get f o r some ^ ^ 6 3 , 
-40-




n [* s i n nx dx 
n xn 
>/n 
s i n x dx 
s i n nx dx, 
< 2. 
•/b(-) f o r n ^ n 3 ( & 3 , & 3) . 
Remembering t h a t a well-known p r o p e r t y of s l o w l y v a r y i n g 
f u n c t i o n s i s t h a t l i m b | ^  = 1 f ° r every fixed. 6 > 0, 
xlO 
{ Zygmund.[30, p.186]] i t i s p l a i n t h a t g i v e n a r b i t r a r y e > 0 
we can make each of the r i g h t hand sides of ( 3.7) (3.9)and (3.10) 
l e s s than — f o r a l l n n 0 ( e ) D v choosing b l small enough and 
&g l a r g e enough. The proof! i s then concluded by n o t i c i n g t h a t 
I ^ , being the F o u r i e r c o e f f i c i e n t , of a f u n c t i o n of bounded 
v a r i a t i o n , i s 0("~) as n — > + co , and t h e r e f o r e i s 
0( as n — > + 0 0 . 
Theorem 3.11 For each f i x e d ( a, b) 
l i m ( | k | ( l o g | k | ) a f k . f = £ C. 
k — > + <x> 
where the c o n s t a n t C 
ab 
, = — i f a ab 3 
2 "ab' 
= b = 0 
1-cosag cosbB d d „ 
(2n)s J J 2 - c o s a TC O SB 
i f ( a , b) t ( 0 , 0 ) . 
-41 -
g • ( 9 ) 
Proof When a = b = 0, jZK ( 0 ) = — 2 2 s so t h a t 
a b 9 s ( 9 ) Joo ' 
f " k = f k = -L f ^ i S l sin'kG d6, f o r k > 0, where oo oo ku J 9 
g' (e) ; 
b(9) = - 0 — /V % as 0 1 0 by 
g a 0 0(e) 3 ( l o ^ ) 3 
(2.20) and (2.21)- of Lemma 2.17. Thus b(0) i s s l o w l y 
v a r y i n g as 6 J, 0, and since 
Q . / Q ) = _ Isin© da dB 
3 o o v ' N 2 J J ( 3 - c o s 0 - c o s a - c o s B ) s 
(2n) * - T T - T T X R 
i t i s p l a i n t h a t b ( 0 ) i s non-negative i n (0,T T) and of bounded 
v a r i a t i o n i n ( e , TT ) f o r every e > 0. Moreover the 
as y m p t o t i c e s t i m a t e s of Lemma 2.17 show t h a t 
2 0 g ' 3 ( 0 ) g• ( 9 ) + ©g" ( 0 ) 
b'(9) = °° - ^--<V 2 T T _ a s e i 0 f 
g 0 0 ( 9 ) g o o ( 0 ) 3 0 ( l o g l ) 3 
so t h a t b ( 0 ) is,monotone i n some neighbourhood of zero. 
Thus Lemma 3.3 a p p l i e s and e s t a b l i s h e s the theorem f o r a = b = 0. 
g u(©) g (0)-3C ,+h . ( 0 ) 
For (a vb.) f ( 0 , 0 ) , w r i t , ^ ( 0 ) = -f^) = °° 
3 ( " 1 where h , ( 0 ) = -rz—T~ IT (1-cosaa cosbfl) \ -z T ab ' ( 2 T T ) 3 IJ v v' ( 2-cosa-cosB 
— TT 
~ o n—*—'• T f dadB . 
3-cos0-cosa-cosB J v 
Since, f o r k / 0, 
i 
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f a b = 2 V j " 0 a b ( e > c o s k e d Q 
- I T 
- T T *• 3 0 0 -* • — TT 0 0 
= z3Cab " cos k9 J L T h.ab(,e? c o s k e d Q 
= 3 c a h *L + T- 1 M i r c o s "ede, 
ab O O 2TT - J Q ( 9 ) 
i t s u f f i c e s t o show t h a t 
TT N . ( Q ) 
(3.12) k ( l o g k ) a [' 3 , Q ) cos k9 d0 — > 0 as k — > + oo . 
b 9oo^ ' 
Now, 
Q . 1 _ 1__ _ . 1 - cos 9 
"* 2-cosa-cosB 3-cosQ-cosa-cosB ~ (2-cosa-cosB)(3-cosa-cosB-cos9) 
k=9 a < ~ ( a 8 +B a ) ( a a + B 3 + 9 a ) 
f o r a l l 9, a, B i n (-T T , TT ) . Since 1 " c o s a n c o s b B i s bounded f o r 
. i a a + B a 
( a , b) ^ ( 0 , 0) and ( a 3 + B a ) " f i s i n t e g r a b l e i n 
( | a. | ^ T T , | B | ^ T T ) , i t f o l l o w s t h a t ^- i s bounded i n ( 0 , TT ) , 
Again, f o r 0 ^ 0 ^  TT , 
n s h , (a\ 3 s i n 9 1-cosag cosbB dgdB 
u ^ a b ^ o ; " (2Vr)a JJ (3-cos0-cosa-cosB)» 
39 1-cosaacosbB 
^ TT 
^ i a f r 1 -cosaacosbfl , , _ . , 
< [I ( a B + B 3)** ^ dB < + co , 
i-43-
and a s i m i l a r argument shows jthat —©h^^C©) i s bounded i n t h i s 
ra nge. 
Then i f V (Q) f ? - 9 o ° ( 6 } h*°(6} ' h a ° ( 6 } 9oo(6 ) ,  v a b ( e ; - d { { j j - , — — 
y o p v ga (0). 
the above e s t i m a t e s , t o g e t h e r w i t h those of Lemma 2.17, show 
t h a t V g b ( 6) .6( log-^ -) 3 i s bounded i n some neighbourhood of 
zero. Thus, f o r k ^ 0, 
TT n , / g \ TT 
k f ta\ cos k9 d9 = - I' V . ( e ) s i n k0 d0, 
and t h i s l a t t e r , being the F o u r i e r c o e f f i c i e n t of a f u n c t i o n of 
bounded v a r i a t i o n , i s O ( ^ ) as k — > + co . This proves ( 3 . 1 2 ) , 
and hence the theorem. 
Theorem 3.11 n a t u r a l l y i m p l i e s ( 3 . 2 ) , which f o r ( a , b) = ( 0 , 0) 
ii 
i s : 
(3.13) F ( x ) ^ 1 - , , " - - a s' x — > + co , • oo blogx ' 
61og | x | as x — ? - GO 
Now i f Sn" denotes the x 9 c o - o r d i n a t e of the l a t t i c e p o i n t a t oo 
which the R.W. s t a r t i n g a t ( 0 , 0, 0) r e t u r n s t o the x 3 a x i s f o r 
the n t h t i m e , i t i s p l a i n t h a t 
S n = F 1 + F a + . . . + F N , 
oo oo oo oo 
where the F ^ q are independent R.V's having common d i s t r i b u t i o n 
f u n c t i o n F ( x ) . F „(x) has i n f i n i t e moments of a l l o r d e r s oo oo 
( t h a t i s , f o r every p > 0 J |:<|pdF ( x ) = + co ) and, as noted 
-co 0 0 
-44-
by Levy [ 2 2 ] , t h i s means t h a t f o r n o ( a n ) , ( b n ) d o e s 
a S n + b 'have a non-degerierate l i m i t i n g d i s t r i b u t i o n n oo n a ; 3 
f u n c t i o n as n — > + co „ However D a r l i n g [ 1 0 ] showed 
t h a t the f a c t ( ( 3 . 1 3 ) ) t h a t F Q 0 ( x ) and 1 - F q o ( X ) are s l o w l y 
v a r y i n g as x — > + co and x ,—> - co, r e s p e c t i v e l y , leads t o a 
l i m i t theorem of a d i f f e r e n t k i n d , and we can e a s i l y deduce 
from h i s Theorem 4.2 t h a t 
( 3 . 1 4 ) l i m {?[ |s£ | n < x j = 0 i f x ^ 1 
n —>+G0 ' , - T T 
= eTTogx . f x > 1 
A l s o , i f S^b denotes the x a c o o r d i n a t e of the l a t t i c e 
p o i n t a t which the R.W s t a r t i n g a t ( a , b, 0 ) h i t s the x a - a x i s 
f o r the n*'*1 t i m e , 
S" = F . + F 1 + L . . + F n" 1 , ab ab oo oo ' 
and ( 3 . 1 4 ) holds w i t h Sn, i n place of S n . 
ab r oo 
§.4 An obvious q u e s t i o n t o ask about the R.V's F g b i s 
whether or not t h e r e e x i s t s a norming f u n c t i o n d ( r ) such t h a t 
F a b / d ( r ) has a non-degenerate l i m i t i n g d i s t r i b u t i o n as 
r — ? + co . The analogous q u e s t i o n f o r the simple 2 - d i m e n s i o n a l 
R.W i s e a s i l y answered i n the a f f i r m a t i v e , the norming 
f a c t o r being merely the d i s t a n c e between the s t a r t i n g p o i n t 
and t h e a b s o r b i n g a x i s , and the l i m i t a- Cauchy d i s t r i b u t i o n . 
However, i n our case i t t u r n s out t h a t the o n ly p o s s i b l e 
l i m i t i n g d i s t r i b u t i o n i s degenerate, w i t h d i s t r i b u t i o n f u n c t i o n 
II 
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G Q ( x ) g i v e n by 
(4. 1 ) G ( x ) = 1 i f x > 1 
= 0 i f x < 0. 
We employ the f o l l o w i n g s t a n d a r d theorem (see, f o r 
example, Lukacs [ 2 3 , p.54])': 
Trie or em 4.2 Let (F ( x ) ) be, a sequence of d i s t r i b u t i o n 
f u n c t i o n s and denote by ( 0 ( 0 ) ) the sequence of the 
c o r r e s p o n d i n g c h a r a c t e r i s t i c f u n c t i o n s . The sequence 
( F ( x ) ) converges weakly to a d i s t r i b u t i o n f u n c t i o n F ( x ) 
i f , and o n l y i f , the sequence ( 0 n ( 0 ) ) converges f o r every 
© t o a f u n c t i o n 0(0) which i s c o n t i n u o u s at 9 = 0. 
0(0) i s t h e n the c h a r a c t e r i s t i c f u n c t i o n of F ( x ) . 
P l a i n l y , i f the d i s t r i b u t i o n of ^-f k i s t o tend t o a 
d( r ) 
l i m i t , d ( r ) w i l l be of c o n s t a n t s i g n f o r a l l l a r g e enough 
r , so w i t h o u t l o s s of g e n e r a l i t y we can take d ( r ) t o be 
p o s i t i v e . ^ a b / d ( r ) t n e n n a s d i s t r i b u t i o n f u n c t i o n 
F a j D ( x d ( r ) ) , and t h e r e f o r e c h a r a c t e r i s t i c f u n c t i o n 
^ ( ^ M ) ! suppose -p(e) = l i m " ^ a b ^ d ? r T ^ e x i s t s f o r a 1 1 
9. Note t h a t p (0) = 1,and assume f i r s t of a l l t h a t 
l i m i n f d ( r ) = 2D < + co . Then we can f i n d a sequence 
r —>+oo 
( r n ) w i t h r "f*+ co and D < d ( r n ) 3 0 f o r a 1 1 n- Since the 
r e p r e s e n t a t i o n (2.24) shows t h a t c j a b ( 0 ) i s a p o s i t i v e 
monotone d e c r e a s i n g f u n c t i o n f o r 0 < 0 ^ t i , f o r any 
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0 < S X! nD we have 
( 4 . 3 ) ^ab ( d 7 T T } < Q , F O R ( A » B > ^ ( ° » °> A N D 3 1 1 N-
G TT ' 8 
Now 0 < — ^ " J » so 1 - cos i s bounded away f r o m z e r o , 
8 
and 9afr(~2fi) i s t n e 2 ~ d i m e n s i o n a 1 F o u r i e r c o e f f i c i e n t o f an 
i n t e g r a b l e f u n c t i o n . Thus,'by the- Riemann-Lebesgue Lemma, 
g 
l i m 9 ab^ -3D^ = °* a n d t n e : i r e f o r e P ( e ) = 0 f o r 0 < 8 ^ nD, r —>co 
and i s p l a i n l y d i s c o n t i n u o u s a t 8 = 0. Hence, by Theorem 
4.2, i f l i m i n f d ( r ) < + co t h e r e i s no l i m i t i n g d i s t r i b u t i o n , 
r —>+co 
I f l i m d ( r ) = + co , i t f o l l o w s f r o m Lemma 2.17 t h a t 
r —>+oo 
f o r a l l 8 > 0, i 
( 4 . 4 ) p ( 8 ) = l i m ' T ^ T T H t . 
r _ » + 0 0 l o g d ( r ) 
Assume t h a t l i m i n f d ^ r ^ < + oo . We can t h e n f i n d a 
r >+CQ R 
sequence ( * n ) w i t h * f + m and ^ 7 - ^ — j bounded away f r o m 0 
u n i f o r m l y i n n: s i n c e 0 < K Q ( z ) < + CO f o r z > 0, 
r n 8 
K ( ,, v) i s bounded u n i f o r m l y i n n f o r each 8 > 0, and 
0 0 \ r n / 
t h e r e f o r e p ( 8 ) = 0 f o r a l l 8: > 0. • T h u s . t o g e t a n o n - z e r o 
•d (• r ) l i m i t we must have — ^ — ^ — > + 00 as r — > + 00 . B u t r 
K ( z ) / v l o g j as z ^ 0, so t h a t by ( 4 . 4 ) 
p ( 8 ) = l i m i - H p j = , .. ISOU* c > 
r _ > + ( D 1 l o g d r i l o g d ( r ) 
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f o r e v e r y 9 > 0, where c i s i n d e p e n d e n t o f 9 and l i e s 
b e t w e e n z e r o and one. I f c i s l e s s t h a n one, p ( 9 ) i s 
a g a i n d i s c o n t i n u o u s a t 9 = 0, and i f c e q u a l s one g ( 9 ) i s 
one f o r a l l 9, and i s t h e r e f o r e t h e c h a r a c t e r i s t i c f u n c t i o n 
o f t h e d e g e n e r a t e d i s t r i b u t i o n f u n c t i o n G ( x ) . T h i s 
e s t a b l i s h e s o u r a s s e r t i o n t h a t ^ a b / c i ( r ) ^ a S n 0 ^ " " d e g e n e r a t e 
l i m i t i n g d i s t r i b u t i o n . 
As a p a r t i c u l a r case o f t h e above a r g u m e n t , c o n s i d e r 
what happens when d ( r ) = r P .. We h a v e , 
0 a b ( - ^ - ) = ECe 1 — > 0 f o r 9 > 0 and -0 < B ^ 1 , 
( 4 . 5 ) r 
— » 1 - -7 f o r © > 0 and B > 1 . 
P 
T h i s s u g g e s t s t h a t t h e d i s t r i b u t i o n o f F ^ i s t o o s p r e a d o u t 
t o l i e c o m p l e t e l y w i t h i n t h e i n t e r v a l ( - r P , r P ) f o r l a r g e 
v a l u e s o f r however l a r g e B i s . M o r e o v e r , i f 
L a b = P H F a b l < a n d w e * r i t e N r f o r [ r P ] + i* 
P J" 0 a b ( 9 ) c o s k 9 d9 
•TT 
ab 2 IT |k|<rP k |<rP 
TI s i n N,9 
J * . b < e > 
o 
d9 9 TI s i n 
nrP N s i n 9 
o r 
4.-6 d9 9 P 2 r s l n 2rP 
A c c o r d i n g t o ( 4 . 5 ) t h e i n t e g r a n d i n ( 4 . 6 ) t e n d s , as 
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1 — B si'nQ r —^ + CD , f o r each 9 > 0 t o 0 o r — r * - — — a c c o r d i n g as p « 
B ^ 1 o r B > 1. 
on g ^  n3 TT S i n c e J" ——>— dQ = — , t h e o b v i o u s c o n j e c t u r e i s 
o 
( 4 . 7 ) l i m P i | F a b | < r P j =•1 - | i f B > 1 
r —>+co p 
= 0 i f B ^ 1. 
( 4 . 7 ) i s p r o v e d i n §.5,, where we use a d d i t i o n a l 
p r o p e r t i e s o f 0 a b ( ® ) t 0 show t h a t t h e e r r o r i n v o l v e d i n 
r e p l a c i n g t h e i n t e g r a n d i n ( 4 . 6 ) by i t s l i m i t i s 0 ( 1 ) as 
r — > + co . 
I f we w r i t e F^fa = l o g IF a b I when | F g b | > 0 
= 0 when F . = 0, 
pi * 
t h e e v e n t s i | F g b l < r ^ j and | y ~ r ^ P] c o i n c i d e , so t h a t 
( 4 . 7 ) i s e s s e n t i a l l y a l i m i t , t h e o r e m o f t h e s t a n d a r d k i n d 
f o r t h e R.V's F ^ . However i t seems t o be i m p o s s i b l e t o 
g e t any i n f o r m a t i o n a b o u t t h e c h a r a c t e r i s t i c f u n c t i o n o f 
F ^ f r o m o u r k n o w l e d g e o f $ a ^ * s o t h e u s u a l methods o f 
p r o v i n g such a t h e o r e m do n o t a p p l y . 
§.5 For t h e p r o o f o f ( 4 . 7 ) , two lemmas a r e r e q u i r e d , i n 
each o f w h i c h r > 0 and B > 1 . A l s o , w i t h o u t l o s s o f 
g e n e r a l i t y we can and do t a k e a b ^ . 0 , s i n c e $ ^ ( 0 ) = 
0 A B ( 0 ) , where A = m a x ( | a | , | b | ) , B = m i n ( | a ! , | b | ) . 
I 
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Lamma 5.1 Th e r e e x i s t s 6 ( r ) such t h a t 0 ^ # a b ( e ) 4. & ( r ) 
f o r l 0 ^ r < 0 ^ TI, and 6 ( r ) ' l o g r — > 0 as r — > + co . 
P r o o f 
The r e l a t i o n J = ( 1 >"* ( z + ^ T , ," » 
- T I 
( E d w a r d s [ 1 1 , p . 2 0 7 ] ) g i v e s 
3 TT _ i _ a 
9 a b ( e ) = 7 J I ( 3 - c o s G - c o s p ) a - l ] 8 [ 3 - c o s 9 - c o s p + V ( 3 - c o s 8 - c o s p ) a - l } 
0 
cosbpdp 
so t h a t 
9 b ( " S ) ^ max ^3-cosQ-cosp + j( 3-c o sS-co sp ) 3 -1 j 
3 " dB. 
TI J [ ( 3-COSp-COS©)-8-1 
= [2-COS0+ V ( 2 - C O S 0 ) a - 1 j " a g (©) . 00 
Thus # a b ( € > ) ^ [ 2 - c o s 9 + »/( 2 - c o s 0 ) 8 - i j ; moreover 2-cosB+,/( 2 - c 0 s 9 ) a -1 
i e an i n c r e a s i n g f u n c t i o n o f 9 i n ( 0 , tt ) and a >, ^  > 0, so 
max j Z 5 a b ( 9 ) ^ [ 2 - c o s + ,y(2-cos J^J1X)S-1J £ a &(r). 
l b a t <9<n 
r 
S i n c e 2-cos8 + J{ 2 - c o s 9 ) a - 1 n/ 1 + 8 as 9 .J, Q > 
r 
and t h i s p r o v e s t h e lemma. 
Lemma 5,2 i f t h e . t o t a l v a r i a t i o n o f JZJ K ( 9 ) i n t h e i n t e r v a l 
i e v j b , t h e n ^ 31ogp f o r a l l r ^ t^t where 
tQ depends o n l y on p« 
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P r o o f F or 0 £ 0(mod2n) 
. f a \ - 3 s i n 0 n- cosaa cosbB M J Q 
9 a b ( 9 ) = T T T T J.I 3 - c o s a - c o s p - c o s 0 d a d P ' ( 2 n ) a -TT R 
so f o r 0 < 0 ^ TT |g^ b(0)|£ - g^ ( 0 ) . I n t h i s r a n g e we a l s o 
h a v e , f r o m ( 2 . 2 4 ) , 0 < g g b ( 0 ) ^ g ( 9 ) , and t h e r e f o r e 
l ^ b ( Q ) l = TO) l 9 o o ( e ) 9 a b ( e ) - g ; o ( 0 ) g a b ( 0 ) | < " l i A ^ . 
'oo g 0 0 ( e ; 
Thus , , a l o q r l o g r ( r ~ P ) 
V ^ b = J' I , l ^ b < e ) l d e < - 2 J' -\ H § } d 6 • 2 1 ° ^ g 0 ° ( l ° a r ) i 
r P r P oo ? o o r 
S i n c e t h i s l a s t f u n c t i o n i s i n d e p e n d e n t o f a and b and, by 
a s s e r t i o n ( 2 . 2 0 ) o f Lemma 2.17, t e n d s t o 21ogB as r — > + co , 
t h e lemma i s e s t a b l i s h e d . 
Lemma 5.2 w i l i be used i n c o n j u n c t i o n w i t h t h e f o l l o w i n g " 
v e r s i o n o f t h e second mean v a l u e t h e o r e m f o r f u n c t i o n s o f 
bounded v a r i a t i o n (Hobson [ 1 8 , p . 5 7 0 ] ) . 
Theorem 5.3 L e t v ( x ) be a f u n c t i o n o f bounded v a r i a t i o n i n 
t h e i n t e r v a l ( s , t ) and u ( x ) be any f u n c t i o n i n t e g r a b l e i n 
( s , t ) . Then i f V ( s , t ) i s t h e t o t a l v a r i a t i o n o f v ( x ) i n 
( s , t ) and M = max | | ' u ( x ) d x | , 
s r < t <r-
J' v ( x ) u ( x ) dx ^ M[ | v( s ) | + V ( x , t ) j . 
' s ' 
P r o o f o f ( 4 . 7 ) 
Take B > 1 a n d - - c o n s i d e r , i n t h e n o t a t i o n o f p.i*-7 , 
.6 1 Vr j s l n N r 8 
o s i n — 
- 5 1 -
s i n N_0/ . o i s l e s s i n a b s o l u t e v a l u e t h a n I — , w h i c h 
i n ( 0 , TT ) i s l e s s t h a n ^ . T h e r e f o r e , by Lemma 5.T, 
( 5 . 4 ) r 
1 og r r 
0 a b ( e ) 69 
s i n 2 
< 6 ( r ) l o g Tir l o g r — > 0 a s r —> + oo 
S i n c e |N - r p | ^ 1 f o r a l l r , 
N r 




- r 9 N r ~ r K . Q| 
cos(—p- + 1 ) 2 s i n ( p 1 1- ) ^ | 
N • 
r'l 
e X 2 s i n f o r 0 < 0 .< TT , 
2rP 
and i n t h i s r a n g e we a l s o have 
. _ © 
° < " 3 1 . _ i 0 
0 
2 r K s i n T r T 
0 0 s i n tr 
2 r p 
I f B = 1 + a 
l o q r 
n r u / , s i n N r 6 
I ' ^ a b ( S ) 1~ d S 
o s i n 
1 , 0 VJ, 
TT0 
48 r*P * 
7T J ^ a b ^ - e 
r o r s l n r 
2 r P 
d0, 
and i f we w r i t e 
s i n - ^ r 0 
2 r P s i n — , 
2 r ' 
sinQ 
0 + I ' 
s i n 0 - s i n 0 
2 r P s i n tr 
2 r p 
g — - J t s i n e t - j l 
2 r K s i n G 2r? 
t h e above e s t i m a t e s show t h a t f o r a l l l a r g e enough r 
r a 1 o g r 
"! r P ' 9 
r t t l o g r 
d0 l o q r 
s i n 27JT 
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r a l o g r fi ' r a l o g r 
J ^.b«*» s i n 6 L , e - i i d s < « r=p r S d S < 
1 o 2 r r s i n - r — T ' ° 
2 r p 
96 k r ' 
so t h a t 
r lo'or a . "\ 
( 5 . 5 ) H . ( j 1 rflb(9) 4 ^ d e - 2 f l 0 ^ a b ( ^ , ^ e . 
r —>+co V, o s i n — o ^ 
Now t a k e any R > 1 and r e c a l l t h a t 0 ^ 0 a D ( e ) ^ 1 
f o r a l l 9 ( C o r a l l a r y t o Lemma 2.17) and t h a t l i m 0ab^7F^ 
r — > + co 
i s 1 - 7 f o r p > 1 and a l l 9 > 0 ( ( 4 . 5 ) ) . Then, by t h e 
P 
t h e o r e m o f d o m i n a t e d c o n v e r g e n c e , we have 
r — ? + co o o 
R . _ 
and s i n c e l i m J — - — d0 = — , 
R —>+a> o 
( 5 . 6 ) l i m [ J ^ (-^J -Siaa d e . | = f i ( . R ) , 
r — c o o p 
where l i m f x ( R ) = 0 . 
R — > + co 
S i n c e | [' S 1 Q Q dG | ^  — f o r a l l . p > a > 0 , Lemma 5.2 and 
a 
Theorem 5.3 t o g e t h e r show t h a t f o r a l l l a r g e - e n o u g h r 
a, 
r i o g r _ . Q « D 
n 
so t h a t 
r a l o g r _ . _ 
( 5 . 7 ) l i m sup | J 0 ( J ^ - M f i d 6 | ^ f t ( . R ) f 
r — > + c o R 
-5,3-
where l i m f a ( R ) = 0. 
R —>+co 
I t f o l l o w s f r o m ( 5 . 6 ) and '(5.7) t n a t 
where l i m f 3 ( R ) = 0. S i n c e t h e l e f t hand s i d e of- ( 5 . 8 ) 
• R—> + <x> 
i s i n d e p e n d e n t o f R, ( 5 . 8 ) i m p l i e s t h a t 
r ^  1 o Q r 
<»•»> » » J' * a b < A > d S = f ^ • r —5>+oo o 
( 5 . 9 ) , t o g e t h e r w i t h ( 5 . 5 ) and ( 5 . 4 ) , i s 
H: L a b = 1 - p ' 
so we have p r o v e d ( 4 . 7 ) f o r p > 1. 
1+e 
However, f o r e v e r y e > 0, 0 £ b $ L a b i whence 
0 ^ l i m i n f Lj.L ^ l i m sup L | b Y+T f o r e v e r y e > 0, 
r —>+co r —^ + co 
and ( 4 . 7 ) f o r p = 1 f o l l o w s . S i n c e 0 ^ L ^ b ^ L * b f o r 
P < 1 , t h i s means t h a t l i m L^, = 0 f o r p < 1 , so t h a t 
r —3> + a> 
( 4 . 7 ) i s e s t a b l i s h e d f o r a l l p. 
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CHAPTER I I I 
§.1 I f ( S n ) i s a R.W on E x g e n e r a t e d by a R„V X and I 
i s t h e h a l f - o p e n i n t e r v a l ( a , b ] , d e f i n e G ( I ) by 
G ( I ) = E ( n i S n C I ) = £ P[a < S n < b j . 
n=o 
Suppose t h a t F ( x ) , t h e d i s t r i b u t i o n f u n c t i o n of X, 
i n c r e a s e s o n l y a t m u l t i p l e s o f a f i x e d number ( t h e 
" l a t t i c e " c a s q ) and t h a t d i s t h e l a r g e s t p o s i t i v e number 
w i t h t h i s p r o p e r t y . Then t h e Renewal Theorem a s s e r t s t h a t 
i f 0 .< m = E(X) ^ co and I + x i s t h e s h i f t e d i n t e r v a l 
(a + x, b+ x ] / 
x —>+co 
where N ( l ) i s t h e number o f p o i n t s o f I o f t h e f o r m r d f o r 
I f t h e r e i s no d w i t h t h e above p r o p e r t y we have t h e "non-
l a t t i c e " e a s e , and, w i t h a s i m i l a r p r o v i s o a b o u t m, t h e 
Renewal t h e o r e m t a k e s t h e f o r m 
( 1 . 2 ) l i m G ( I + x ) = i o " : 1 ' 1 1 , 
x — > + co , 
w h e r e - | l | i s t h e l e n g t h o f I ( = b - a ) . 
[ i n t h e case t h a t X can t a k e o n l y p o s i t i v e v a l u e s ( 1 . 1 ) 
was p r o v e d by E r d B s , F e l l e r and P o l l a r d [ 1 5 ] , b u t can be 
d e r i v e d f r o m K o l m o g o r o v ' s e a r l i e r work [ 2 0 ] on Markov c h a i n s , 
and ( 1 . 2 ) i s due t o B l a c k w e i l [ 2 ] . Chung and W o l f o w i t z [ 8 ] 
( 1 . 1 ) l i m m N ( I ) G ( f + [ x ] d ) = [ 0 
some i n t e g e r r and m -1 i s t o be i n t e r p r e t e d as z e r o i f m = + a 
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e x t e n d e d ( 1 . 1 ) t o t h e g e n e r a l c a s e , and B a l c k w e l l [ 3 ] d i d t h e 
same f o r ( 1 .2) j . 
I t i s n a t u r a l t o l o o k f o r a s i m i l a r r e s u l t f o r a R.W 
( j L n ) on E„ when k ^ 2. T h i s was f i r s t done by Chung [ 7 ] 
i n 1952, He showed t h a t i f (.S_n) i s g e n e r a t e d by a R.W X. 
whose d i s t r i b u t i o n f u n c t i o n F(jc_) does n o t d e g e n e r a t e i n t o 
a o n e - d i m e n s i o n a l d i s t r i b u t i o n f u n c t i o n , and i f a t l e a s t one 
component o f m = E(X.) i s f i n i t e and n o n - z e r o , t h e n f o r any 
compact s e t A i n E h 
( 1 ., 3) l i m G( A + -x.) = Oft * 
as 
where G(A) = 2 P{S, e Aj , x i s a k - d i m e n s i o n a l v e c t o r o f 
n=o 
l e n g t h |x.| , and A + _x d e n o t e s t h e t r a n s l a t e d s e t [ a . + x.sa_ e Aj . 
F e l l e r [ 1 6 ] showed t h a t ( 1 . 3 ) a l s o h o l d s when each component 
o f m i s i n f i n i t e , b u t a p p a r e n t l y no o t h e r i n v e s t i g a t i o n s o f 
G(A + x.) have been made. 
I n t h i s c h a p t e r and t h e f o l l o w i n g one we p r o v e t h a t 
i f 0 < |jn| < co and c e r t a i n o t h e r c o n d i t i o n s a r e s a t i s f i e d 
k -1 
x a G(A + x j [ ) h a s , f o r each f i x e d v e c t o r j , a l i m i t as 
x — > + co w h i c h i s non z e r o 1 i f and o n l y i f j i s p a r a l l e l t o 
t h e mean v e c t o r m. T h i s t h e o r e m i s i n some ways a n a l o g o u s 
t o ( 1 . 1 ) and ( 1 . 2 ) , s i n c e , l i k e them, i t makes e x p l i c i t t h e 
i n t u i t i v e l y o b v i o u s f a c t t h a t G(A) behaves d i f f e r e n t l y when 
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A i s moved o f f i n t h e d i r e c t i o n o f t h e mean and when i t i s 
moved o f f i n any o t h e r d i r e c t i o n . 
Our p r o o f i n v o l v e s F o u r i e r i n v e r s i o n and t h e use o f Green's 
Theorem, and u n f o r t u n a t e l y i t o n l y a p p l i e s i n t h e f o l l o w i n g 
two s i t u a t i o n s ! 
( A ) ! (-§.n) * s a n a p e r i o d i c R.W on t h e l a t t i c e L k , 
(B ) : (S, n) i s a R.W on E k ge.nerated by a R.V X. s a t i s f y i n g 
( 1 . 4 ) l i m sup < 1 , where fi(u) = E ( e 1 - ' - ) . 
| u.| —>+oo 
However t h e r e i s a n a t u r a l mapping f r o m L k o n t o any k - d i m e n s i o n a l 
l a t t i c e L w h i c h w o u l d a l l o w us t o e x t e n d o u r r e s u l t s f o r 
case ( A ) t o t h e more g e n e r a l s i t u a t i o n i n w h i c h (S. n) i s an 
a p e r i o d i c , R,Wo on L. ( 1 . 4 ) i s t h e k - d i m e n s i o n a 1 v e r s i o n o f a 
c o n d i t i o n u n d e r w h i c h t h e Renewal Theorem ( 1 . 2 ) was f i r s t 
p r o v e d : t h e k - d i m e n s i o n a l - Riemann-Lebesgue Lemma shows t h a t 
i t i s s a t i s f i e d i n t h e i m p o r t a n t case when t h e d i s t r i b u t i o n 
f u n c t i o n F ( x J o f X. has a n o n - v a n i s h i n g a b s o l u t e l y c o n t i n u o u s 
c omponent. 
I n §.2 we p r e s e n t some d e f i n i t i o n s and p r e l i m i n a r y 
r e s u l t s f o r a k - d i m e n s i o n a l R.W, b u t t h e r e s t o f t h e c h a p t e r 
i s d e v o t e d t o t h e p l a n a r c a s e , k = 2. 
§.2 A R.V X. on E k i s s a i d t o be s t r i c t l y k - d i m e n s i o n a l i f 
t h e r e i s no k - 1 d i m e n s i o n a l h y p e r p l a n e D o f E k such t h a t 
I - 57-
Lemma 2 .1 I f X. i s s t r i c t l y k-d ime ns i ona 1 and 
era = F - ( | x | a ) < + co , Q ( u ) £ £ E (•( X . J J ) A ) i s a p o s i t i v e 
d e f i n i t e q u a d r a t i c f o r m . 
P r o o f Suppose t h e lemma i s f a l s e : t h e n f o r some u° / 0_ 
E ( ( 2 L - i i 0 ) 3 ) = 0- L e t D° be t h e k - l d i m e n s i o n a l h y p e r p l a n e 
w h i c h c o n t a i n s 0 and i s p e r p e n d i c u l a r t o Then 
X..u° = | u° | s ( p e r p e n d i c u l a r d i s t a n c e b e t w e e n X. and D ° ) , 
and E ( (X,.jj°) a) = 0 = > P[ p e r p e n d i c u l a r d i s t a n c e between 
X. and D° > 0 } = 0, so t h a t X l i e s on D° w i t h p r o b a b i l i t y 
one, w h i c h c o n t r a d i c t s t h e iabove d e f i n i t i o n . 
( 2 . 2 ) C o r o l l a r y t o Lemma 2.1 F o r some c o n s t a n t s 0 < k l ^ kg <+co, 
' M J U J 3 < Q(ji) < k a | j j | a f o r a l l J J . 
Lemma 2.3 I f aa = E ( | X | 3 ) < + oo and p ( j j ) 
= E [ e 1 - * — - ( 1 + i j j . X - £(jJ . X) a)j = 0( u) - ( 1 + i m.u - Q( u) ) , 
t h e n | p ( J J ) | = 0 ( | j j | a ) as » 0 . 
P r o o f Rao and K e n d a l l [ 2 7 ] ; p r o v e t h e 1 - d i m e n s i o n a 1 a n a l o g u e 
o f Lemma 2.3, and we b o r r o w f r o m t h e f o l l o w i n g r e m a r k : f o r 
each i n t e g e r n ^ 1 and f o r a l l r e a l y 
n / . \ r / - \n+1 
( 2 . 4 ) e ' V - ^ i ^ + e n ( y ) ( ^ i _ , 
w here | © N ( y ) I ^ 1 and | 9 n ( y ! ) - l | ^ ^ 2 . P u t t i n g n = 1 
and y = J J . X . i n ( 2 . 4 ) , t h e e x i s t e n c e o f a 3 means t h a t t h e 
e x p e c t a t i o n o f b o t h s i d e s e x i s t , whence 
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Mn) = ECe 1-*-) = 1 + i'm.u, - E[ QX (X . u ) (X . u ) a i 
2 
so t h a t 
p ( u ) = ^ [ ( e ^ x . u ) - D ( X . u ) s j , 
and t h e r e f o r e 
( 2 . 5 ) - 1 ^ J i J " < k U U N e ^ u . x ) - l | d F ( x ) . 
G i v e n a r b i t r a r y e > 0, we can f i n d X ( e ) such t h a t 
f . . . f | x | a d F ( x . ) < ^ , and s i n c e | 0 x ( y ) - 1 | < 2 f o r a l l 
r e a l y t h i s means t h a t J" J". . J" |x.| 3 | 0 1 (.u. x.)"" 1 I d F ( x . ) < e • Now 
U l > * 
l®i(iL-x.) - 1 I < 1 " ^ ^  , so' t h e r e e x i s t s b (e ) > 0 such t h a t 
I © i ( i i - x . ) - 1 I <"Ja" f o r U K x a n d l i l < 6 " I n ( 2 - 5 ) t h i s i s > 
f o r |JJ I < 6 , 
| u | a U|<x ff. 
and t h i s p r o v e s t h e lemma. 
Lemma 2.6 I f X. i s a R«V t a k i n g v a l u e s on t h e l a t t i c e L k and 
E ( l i i | n ) < + oo » t h e n f o r r = 0, 1 , . . . n , each d e r i v a t i v e o f 
jZ5(u_) o f t h e r t h o r d e r e x i s t s and has p e r i o d 2TT i n each o f 
t h e c o o r d i n a t e v a r i a b l e s ult ... u ) t . 
P r o o f S i n c e X, t a k e s v a l u e s on L k t h e r e a r e n o n - n e g a t i v e 
numbers p a = P^  X. = a j such t h a t 
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( 2 . 7 ) 0 ( u ) = 2 P a e 1 - ^ ' , 
aeL k 
and as each a. e L k has i n t e g e r c o o r d i n a t e s , t h e c o n c l u s i o n 
f o r r = 0 f o l l o w s . S i n c e E( |x| n) = 2 P |a.|n < + co , 
±E L k -
we may d i f f e r e n t i a t e u n d e r ' t h e summation s i g n i n ( 2 . 7 ) 
r t i m e s ( r = 1 , 2, n) .to c o n c l u d e t h e p r o o f . 
A random w a l k (S ) on a l a t t i c e L i s s a i d t o be a p e r i o d i c — n 
i f t h e s e t H = (a. : P[S. n = ,aj > 0 f o r some n j i s n o t 
c o n t a i n e d i n any p r o p e r s u b - l a t t i c e o f L. 
Lemma 2.8 I f (S. n) i s an a p e r i o d i c R.W on L k g e n e r a t e d by a 
R.V X_ w i t h c h a r a c t e r i s t i c f u n c t i o n 0(u.) , t h e n : 
( 2 . 9 ) 0{u) = 1 = > u s = 0 (mod 2TT) f o r s = 1 , k; 
k 
( 2 . 1 0 ) i f S i s any c l o s e d s u b s e t o f E k = f | i I u . I < " j w h i c h 
s = 1 
does n o t c o n t a i n 0,, i n f 11.-J0(.u) | > 0. 
u. e S 
P r o p f The s m a l l e s t l a t t i c e c o n t a i n i n g H i s L(H) = 
r 
[ b . : b. = 2 X., a_, f o r some i n t e g e r s \ f and v e c t o r s j a a s Hj . 
s = 1 
I f H i s t h e s u b s e t o f H c o n s i s t i n g o f a l l a w i t h P, > 0, o — _a_ 
t h e n p l a i n l y L ( H ) = L(H ) , and t h e a p e r i o d i c i t y a s s u m p t i o n 
means t h a t L ( H ) = L k„ Thus e v e r y member o f L k i s e x p r e s s i b l e 
r 
a s Z X, iL« w i t h a.( e H . Now t a k e any \J w i t h $(u.) = 1 , and 
s = 1 0 
n o t i c e t h a t 
R [ 1 - = 2 ( 1 - cos u . a ) P a , 
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so t h a t u..a, = 0 (mod 2TT) f o r e v e r y a. e H , and hence, by 
>'< 
t h e p r e v i o u s r e m a r k , f o r . e v e r y a. e L k . I n p a r t i c u l a r , ,i 
t a k i n g a. t o have s^h c o o r d i n a t e one and a l l o t h e r c o o r d i n a t e s 
z e r o , we have 
u a = 0 (mod 2 n ) , f o r s = 1 , 2, . . . k„ 
T h i s p r o v e s ( 2 . 9 ) and i m p l i e s t h a t i f 0(.u) = 1 and 
u E E " , t h e n u. = 0. S i n c e '|1-0(_U)| 0 f o r a l l u. and fi(u) i s 
c o n t i n u o u s i n E ", t h i s e s t a b l i s h e s ( 2 . 1 0 ) . 
Lemma 2.11 I f (S. n) i s an a . p e r i o d i c R.W on L k g e n e r a t e d by 
a s t r i c t l y k - d i m e n s i o n a 1 R . V K w i t h E ( | X | 3 ) = aa< + co , 
t h e n f o r any a. e L k 
l i m 
P T 1 
TT TI 
( 2 T T ) « J * ' J 
— TI — T I 
- i (a_. u.) 
1-P, 
TT 
p f e j " ( 2 n ) * J--J n 1'-0(u) 
p r o v i d e d t h a t i f k = .2 m = E('x) ^  0 
Proo f S i n c e S has c h a r a c t e r i s t i c f u n c t i o n 
TT. n n J 2 " ( u ) , P[S J -- J" P Oil) Take r e a l p du 2n 
- T I - T i 
w i t h 0 < p < 1 and l o o k a t 
n=o n=o TI TI 
N + 1 TI TI { p ^ ( u j | i u . a 
J - - J " l i m ( 2 n 1-p.0(u) N —3>+oi)-n TT 
n^ ( _ i 1 CT n r r ^ n , \ - i u . a , . 
Z P P U n = = JJTF 2 p J - - J $ { ± ) e ~ 
"| 6 I I I * rf TI n - i u . a 
f o r N + 1 (pJS(ji) 0 f o r each ^ J , and t h e i n t e r c h a n g e o f 
- 6 1 -
i 
l i m i t i n g p r o c e s s e s i s l e g a l i s e d by t h e Theorem o f D o m i n a t e d 
C o n v e r g e n c e , t h e d o m i n a t i n g '< f u n c t i o n b e i n g 2 ( 1 - p) l . To 
c o m p l e t e t h e p r o o f we have t o show t h a t 
n TT - i j i . a . TT ir 
P 1 ^ d J i = i ; - i n f 9 ^ ^ - ' s i n c e - = 
2 ( 1 - cos u a.) P a ^ 0 , | ;,1-pjZ$(u)| = | l - p + p ( l - 0 ( u ) | > 
a . E L k — 
and i t t h e r e f o r e s u f f i c e s t o show t h a t ( 1 - $ ( J J ) ) 1 i s 
a b s o l u t e l y i n t e g r a b l e i n E " . ' NOW | 1 - 0 ( J J ) | = | Q ( J J ) - im. J J - p ( J J ) | 
^ I | Q ( i i ) - i j I l . u.1 - I p(u.) M 9 and by ( 2 . 2 ) and Lemma 2.3 
| Q ( j j ) - i m . j j | > k i I u. 1 3 and | p ( u ) | = 0 ( | u | a ) a s | u | — » 0 . 
T h e r e f o r e f o r some & > 0 |1 - 0 ( J J ) | > ^ | Q ( u . )-im.ju | f o r a l l 
l u l < 6 . S i n c e , by ( 2 . 1 0 ) sup \-\-ft>{uj~l < + co , 
Ji;«[Ej \ l lM l>6j] ' 
i t m e r e l y r e m a i n s t o check t h a t (Q ( JJ )-ijn . J J ) 1 i s i n t e g r a b l e 
i n l i i l ^ 6 • * f k } ^ t h i s f o l l o w s f r o m t h e f a c t t h a t 
IQ (JJ) I £ k i l j i l 3 , and i f k = 2,we have t o a p p l y a change o f 
v a r i a b l e and n o t e t h a t f o r any 0 < & < + GO. 
-6' [ k I ( V - ! + V l ) a + m a v ^ « m k i o- I 2 v 1 ( v ? + v j ) j * 
• T u r n i n g now t o t h e ' n o n - l a t t i c e " case ( B ) , we need t h e 
f o l l o w i n g c o n s e q u e n c e o f ( 1 . 4 ) . 
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Lemma 2.12 I f l i m sup |0( u.) | < 1, then sup \0{ JJ) | < 1 
|JJ|-3>+OO | Ji | 
f o r every & > 0. 
OS 00 
Proof Since R [ 1 - 0(u.)j = J'.* J (1 - cos JJ. x.) dF ( x.) 
••CO' -»Q0 
and 1-cosa = 2 s i n 3 ^ ^ 2 s i n 3 ^ c o s 8 J = £ s i n a o = -^(1-cos2o) 
f o r a l l a, R [ 1 - jZS ( JJ ) j > ^ R [ 1 - 0 ( 2 j j ) j and hence 
(2.13) R [ 1 - 0 ( u ) j >/^n -R i 1 * ^ ( 2 " u ) j 
f o r any n 1. Let l i m sup, |$(JJ) | = 1 - e. Then f o r some 
| JJ | —>+od> 
u < + oo sup | 0 ( u ) | < 1 - ~. Now = E ( e i ( " - ' i i ) ) i s a 
I u . | > u * . 
c h a r a c t e r i s t i c f u n c t i o n , and so al s o i s | 0 ( j i ) | a = u.). 0( u.) . 
Given 6 > 0 we can p i c k N such t h a t 2 N > ~ and apply (2.13) 
t o | 0 ( j j ) | 8 w i t h n = N t o get f o r every |JJ | > b , 
1 - ! t f ( u ) | a » \ { 1 - |jZl(2 N u.) |« j > ^ N | . 
I n case (A) Lemma 2.11 p r o v i d e s a r e p r e s e n t a t i o n of 
G(A) as a F o u r i e r i n t e g r a l whenever A i s a bounded subset 
of L k , and we would l i k e a s i m i l a r f o r m u l a f o r case ( B ) . 
I t t r a n s p i r e s t h a t we need o n l y c o n s i d e r G(A) when A i s an 
i n t e r v a l of E„(that i s , f o r -some o_, t_ A = I(a., t.) = 
[x.: | x , - a i | ^ t , f o r s = 1, 2, k j ) and we a l s o employ 
the d e v i c e (used by Chung and P o l l a r d [ 7 ] f o r 1-dimensiona1 
Renewal Theory) of c o n s i d e r i n g the i n t e g r a t e d v e r s i o n of 
G ( l ( a , t ) ) 5 
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i. 
( 2.14) L ( a , h) = J - . . J * G ( l ( a , t))dt = 2 p{S ne I (a , t ) } d t . 
b o b o n=o 
Lemma 2.15 I f S.n i s a R.W on £ k generated by a s t r i c t l y 
k - d i m e n s i o n a l R.V. X. w i t h E( |X.|a) = <ya < + CD and 
l i m sup 10.( JJ) | .< 1, then f o r any a e E,, and h w i t h 
Ju,|->+cp ' 
0 < h, < + ( s = 1 , 2, . . .: k) 
L ( a . h) - - 7 T' D(il» ^ - i a . u , L ( a , h) n k J ^ . J e - " du, 
. _,, . H 1-cosh. Ui 
where D(h,, u) = f f a » * , p r o v i d e d t h a t i f k = 2 
S = 1 u« 
m = E(X) £ 0. 
Proof S t a r t i n g from the sta n d a r d i n v e r s i o n f o r m u l a for-
k - d i m e n s i o n a l c h a r a c t e r i s t i c f u n c t i o n s we may d e r i v e , j u s t 
as Lukacs [ 2 3 , p.51] does f o r k = 1, the i n t e g r a t e d v e r s i o n : h J h|, ^ .CD GO 
*"J o o 
(2.16) J * . " - . J"P[XeI(a, t ) j d t !,= ±k J . . J D(h, u )jZ5( u) e" du. 
A p p l y i n g (2.16) t o each of the c h a r a c t e r i s t i c f u n c t i o n s 
0 n ( i i ) t we have f o r 0 < p < 1 
00 00 00 
Z P° J''-J'^Pi S ne I ( a , t ) j d t = ± Z J". .J" D(h.,.u){ p0( u.) j "e^-'-du. 
n=o o o n=o ~°° —03 
_ 1 l i m . . 1-} P0(u.) ^ N + 1 - i a . u . 
- v* N ~ > + GO _ J ' ; S I D ^ » a ) T T ^ f t ) e - - du 
, ^ oo * -ia_._u 
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s i n c e * i - p j ( u ) 1 < T^7 f 0 r 8 1 1 ^ a n d N a n d D ( j 1 ' ^ 
i s a non-negative f u n c t i o n which i s i n t e g r a b l e over E k. This 
l a s t remark, t o g e t h e r w i t h Lemma 2.12, shows t h a t f o r every 
*> > 0 
l i m f. . I" p t i l t i i . ) e ~ _ - i - ,- D(h..u) _ ^ i a . u . e - - du 
... „ n _ I # I i • 1 1 i — 
h. u. 
and s i n c e D(h, u) = J T — r 2 , ^ TT -rf- , the e s t i m a t e s 
s=1 u» 5 = 1 2 
used i n the pro o f of Lemma 2.11 show t h a t f o r some 6 > 0 
D(h.u) _ - l a u , ._ r ,. D(h.u) _ - i a . u rfu l i m P..!' £ i % M i > e i ^ d u = P r D(h,u) 
0 0 n l nk 
Thus l i m I p n J*. . J' P[S. M ( a , t ) ] d t e x i s t s , and sin c e 
p "t* 1 n=o b b n 
the i n t e g r a n d i s p o s i t i v e i t equals J . . J { l i m 2 pnP{S> e I ( g . t ) } j d t 
o o pTln=o n 
= L(o., h ) . 
I n i n v e s t i g a t i n g the F o u r i e r i n t e g r a l s which occur i n 
Lemmas .2.11.' and 2.15 > , repeated use w i l l be made of the 
f o l l o w i n g v e r s i o n of Green's Theorem [ C o u r a n t and H i l b e r t 
[ 9 , p . 2 5 7 ] j . 
Theorem 2.17 I f S i s a bounded subset of E k w i t h p i e c e w i s e 
smooth boundary <j and ^ ( u . ) and i t s f i r s t and second 
d e r i v a t i v e s and i|i a (u.) and i t s . f i r s t d e r i v a t i v e s are a l l 
c o n t i n u o u s and i n t e g r a b l e i n S + a , then 
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(2.18) J " . . J l * 8 V a t j + V i i . VJ [ 8 | du = J . . J i/a dflr , 
s . a -
where denotes d i f f e r e n t i a t i o n along the outward drawn 3 n, 
normal t o c • I f * i n a d d i t i . o n 9 the second d e r i v a t i v e s of 
( j i ) e x i s t and are c o n t i n u o u s and i n t e g r a b l e i n S + a * 
then 
(2.19) I " . . . ! ! * . V ' t x - t i V " *8jdJ± = J \ . J i * 3 § ^ - n f ^ j d a S a — — 
§.3 When k = 2 i t i s obvious from Lemmas 2.3 and 2.11 
t h a t f o r case (A) the f o l l o w i n g q u e s t i o n i s c r u c i a l t o our 
i n v e s t i g a t i o n : 
( 3 . 1 ) : i f f ( u ) ^ > 1 . ias I u I — > 0 and F(jL) = 
— Q( u.)-im..u ' —' 
17 i R 
J J e iL-iL f (jj) ^ 9 n o w d o e s F(_r) behave as |R | — * + co ? 
— TT 
In t h i s s e c t i o n we g i v e an answer t o (3 . 1 ) which a l s o a p p l i e s 
t o case ( B ) . 
k 
Theorem 3.2 Suppose f ( . u , R) = P ( u ) l j £ i u i 1 + 9 ( i i i B.) i» 
where P i s a p o s i t i v e d e f i n i t e q u a d r a t i c form, .e^  i s a u n i t 
v e c t o r and g s a t i s f i e s : 
(3.3) f o r each R ^ and ^ e x i s t s and g, ^ and are 
co n t i n u o u s i n S(d, d) = [|u 1|< d, |u a|< d j ; 
(3.4) g — > 0 u n i f o r m l y i n R. as |.u| — > 0; 
(3.5) |g| and |P(u.) - i£i.u.MZ_al ^ r e bounded i n S(d, d) 
u n i f o r m l y i n R,. 
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I f e_2 i s a u n i t v e c t o r o r t h o g o n a l t o e^, denote by 
T(fi>!, & a) the r e g i o n a l v j ^ by I v 3 | < ba j * where v t = e^ .u, 
and v a = e j . u . Then f o r any & > 0 
( 3 - 6 ) M X * { U
 6 f ( a f d i -k° X, ^ ^sfei °^ 
as |.R| — > + oo . 
Proo f W r i t i n g R f o r |R.| , l e t e be a f u n c t i o n of R t o be 
chosen l a t e r w i t h e (R) ^  0 a s R'T" + CD . Then i f 
S x = T ( e , e * ) , S a = S(d, d)S:T(e» e *) and S 3 = T ( 6 , 6 ) \ T ( e , e*) 
(3.6) takes the form-
(3.7) l i m R ^ k j l i + I a - k a I a j * 0, 
R—>+co 
b i - - l - s a 
iu.R 
and 1 3 = I T 7-7—;—: du. 
Now l e t M(e ) = sup j_ sup |g(u,» R.) | j » then 
u, e S x R£ E a 
assumption (3.4) i m p l i e s t h a t M(£)^0 as e J^o. 
I f p i ( ^ . ) = p ( j i ) » then Px i s a l s o p o s i t i v e d e f i n i t e , so 
t h a t P j ( , v ) ( v ^ + v | ) 1 i s bounded away from z e r o , whence 
< M ( £ ) | { IP A , - i l l = " l , , ¥ f . . . X - e i T P T f l T ^ i v . l 
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< k 4 M ( « > J ' J " ( 7 ? + v?) * • . Vj=o v 3=o v 3 1 ' 
= k M ( s ) r i l 3 — T 
4 o o 2 ( W 3 ( w 3 + w ! ) ) l ? 
(3.8) = k 5 E *M( e ) . ; 
i — 1 i u R A p p l y i n g Green's Theore"m (2.18) t o I 3 w i t h iji, = — e — ° — 
and \ | i 3 = f ( u . , R.) 9 we have f o r every R_9 
T i |« c iu.R „ _ ,. , 1 i. 8 / i u . R. _ , _, Js = r F J J e ~ ^ h. V_f. du - J — (e - - ) f d £ , 
or (d,d)uT"( e ,e £) 
where g and T " a r e the boundaries of S and T, r e s p e c t i v e l y . 
P l a i n l y \ ^ e 1—" —| ^ R f o r a l l u, and n_9 and si n c e P(u.) i s 
bounded away from zero on < y ( d , d ) , assumption (3.5) means 
t h a t . " 
ft* | J * a7( e l i L ~ ) f (iU» JL) dg.] i s bounded f o r a l l 
or(d,d) — 
R,. Also from (3.5) we have 
e 
= k Q 
v 
E
6 L - ^ l P ^ V L e ^ - i v J + |P l(v 1A*)-iv l|i d v» 1 - c 
+ k e v l = - i i [ l p ^ ( e ' V 3 ) " i e I + | P i ( - ^ 3 ) + u | i d V 3 
5 dv. f.fc dv, - i 
^ k 7 T " 7 ^ + 4 k 6 J " T 3 " = k 7 + 4 k 6 « ' d o 
A t h i r d consequence of (3,5) i s t h a t 
i 
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R J J e l ~ £• 2£,id.y. 
I 
* K8 U P a ( u ) + (e. 1.u)a ' 
f o r p l a i n l y |7 P ( JJ ) j i s bounded i n S a . Now f o r some D < + oo , 
S A = S(d, d ) \ T ( e , e * ) £ T ( D , D * ) \ T ( b , e * ) , and 
I T d v i d v w . - < K I T D ; > D V ° 
[e<|v l|<D, e«<|v a|^D*j V l = eva=-£i 1 
_ JL9 W dw. dw a 
: " 2 J e i w ^ w ^ w f ) 
< k i o » 
so t h a t we f i n a l l y have, f o r a l l £, 
(3.9) | l a | ^ ( k i a + k n e"*) R~1 
An e x a c t l y s i m i l a r c a l c u l a t i o n on I 3 leads t o 
(3.10) \ l 3 \ 4 [ k 1 4 + k 1 3 e.'^jR' 1 
and i f we now put e = ( 3 . 8 ) , (3.9) and (3.10) y i e l d 
t 
l i m sup R ? k s I x + I a - k 3 I a j < 
R — » + CD 1 1 
k 1 1 "t"k« k • 
and since' we can take \ a r b i t r a r i l y l a r g e , ( 3.7) i s 
e s t a b l i s h e d and w i t h i t the theorem. 
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Th e second p a r t of the answer t o ( 3 . l ) i s c o n t a i n e d 
i n: 
Theorem 3.11 I f P(u.) = P x u \ + 2Pl a ux u a + P 8u| i s a 
p o s i t i v e d e f i n i t e q u a d r a t i c form and _e i s a u n i t v e c t o r , 
then f o r any 6 > 0 
4 6 6 -iR(_u.e.) 
l i m Rtt J" (" - d'ujdua = 0 i f e / ( 1 , 0) 
R —>+co -b"-b P ( j j ) - i u x , 
JL 
2 ^ " i f e = ( 1 , 0 ) . 
P3 
Proo f I n Theorem 3.2 w r i t e f ( u , R) = 5 . e, = ( 1 . 0') . 
~ ~~ Pgujf-iUj^ ' — 1 v ' '» 
e^a = ( 0 , 1 ) , k 3 = 1 and d = 5 . Then g(u., R.) = 
P tuf + 2 P 1 3 u 1 u 3 
— D i i 3 — r — , which i s l e s s a b s o l u t e v a l u e than 
Ka u s ~ 1 u 1 
p i u i + p i a u a > s o t h a t ( 3.4) i s s a t i s f i e d . Since g has 
co n t i n u o u s f i r s t d e r i v a t i v e s and i s bounded i n S@> , 6) , (3.3) 
and ( 3 . 5 ) w i l l be s a t i s f i e d i f |P(„u) - i u i l l S 2 _ | i s bounded 
i n S ( 5 , 6 ) . Since I P ( ) " ^ u ^  | i s bounded i n t h i s r e g i o n , 
. I p a u l - i « i I 
i t p l a i n l y i s . The c o n c l u s i o n of Theorem 3.2 when 
R, = Re_ i s 
(3.12) i i m R^ ) ) i-rT-T 1^ a 1 . I e ' ^ ^ d u = 0. 
Consider t he case e, = 0. Since |'. = 2A f .3 a 1 -lA-iu J A 3 + u 3 -6 o 
= 2 t a n _ 1 i f -
-70-
b - i R u a e a b • n 1 «. 
d u x d u a = 2 f e 4" u«"» t a n ' t p ^ r d u a 
b 6 = 4 J c o s ( R u a e a ) t a n u 3 d u a 
li 6 ' ( R ) = 4.77 . J cos( Ru 3 e a ) d u a , 
0 
where we have used Bonnet'ii mean value theorem (Hobson 
[ 1 8 , p . 5 6 5 ] ) , t a n - 1 D & a being monotone d e c r e a s i n g i n 
( 0 , & ) . Since = + 1, t h i s l a s t i n t e g r a l i s 0 ( — ) as 
R + co , and t h i s , t o g e t h e r w i t h ( 3 . 1 2 ) , proves the 
theorem when e^ = 0. 
I f el £ 0, c o n s i d e r f o r x, > b , 
b . n _ X TI \ r -iRu-ea , f. -iRu,e, J(x) = J e a a d u 3 | e 1 1 du. 
u s - ~ b b P 3 u | - i u x ° 
x -iRu,e, , , -iRe,x -iRe.b ,. e 1 1 du, JL_ |. r e 1 e 1 -1 
Since _| p s U | _ i U i = Re x L p s U a _ i x - p s u f - i & J 
^ ' x g - i R u l e 1 
+ Re"i / ( P a u l - i u , ) 8 d u i » 
,.b ™ du, d u 3 ,-b ;. 2 . -1 2 p ? u | , 
A N D J J Pfug+uf = J , P ^ f t a n ~ T " ^ du a < + co , 
we have, by dominated convergence and the Riemann-
Lebesgue Lemma, 
1 b « e-iRu.g, 
X + co 1 u a=-b 6 9 a 1 
. - i R e j b b, - i R e 3 u 3 1 
" Re, . [ P 3 u l - i b d u * - ° ^ . a s R - » + n 
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S i m i l a r l y J ' / . - » < * fr> d u . d u „ 1 a s „ ^ t ro, 
u --5 -a P a u S " l u l K 
a nd t h e r e f o r e , ' i f 6 j 0, 
(3.13) l i m 4 | r - r ^ d U l d u a - f I' e ~ l H - ° - du, du a f 
0, 
Now i f A > 0, 
—00 
= 0 i f B < 0. 
Thus i f e t < 0 the second i n t e g r a l i n (3.13) vanishes 
f o r R > 0 and then (3.13) and (3.12) prove t he theorem. 
I f e x > 0 we have, f o r R > 0, 
b _ - i K u a e a _ - K P a u s e i 
J . P a u i - i U i " !. -«> 
& <= -iRu.e . , _ i- R u a a R a | , , r e — — du, d.ua = 2 T I e a 3 e 3 2 1 du 
Us=-6 -oo 
ao = '271 [ J e - i R u 3 e 3 e " R e i P a U a d u a - l ( R ) j , 
— 00 
where 
R * | l { R ) | = H*| r e - i ' R e « u e - R e i P « u S d u | 
<C 2R* J e - R e i P * u 8 du ^ 2 L e - e i P a U a du, 
b 5R2 
Since Pge! y 0, t h i s l a s t i n t e g r a l vanishes as R -> + oo , 
and the theorem i s e s t a b l i s h e d i f we n o t i c e t h a t 
[ E r d e l y i [ 1 2 , p . 1 2 1 ] ] 
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n h T- - i R L i a e 8 -Re,P aul , / TT -Re| R e e a s e * «• a du- = / r ~ e 
— •3 P s 4 e i P a ' 
f o r t h i s l a s t only has a non-zero l i m i t as R~^+ co 
when e. = ( 1 , 0 ) , the l i m i t then being • 
§.4 We are now i n a p o s i t i o n t o s t a t e and prove our 
r e s u l t s f o r k = 2. I n case (A) we haves 
Theorem 4.1 Let (JL n) D e an a p e r i o d i c R.W on L s generated 
by a s t r i c t l y 2-dimensiona 1 R.V X.. Assume 
(4.2) m = E(X.) = m £ x , where \£x\ = 1 and 0 ^ m <. +. co ; 
(4.3) ff» = E( |X|«) <_ + co . 
Suppose t h a t ^ 3 i s a u n i t v e c t o r o r t h o g o n a l t o £.\% and 
i f Q(u.) = E(£(X.u.)3) l e t Q(JJ) = Q T (v.) when 
v i = Ji.^x i v a = jJ.^g . Then, i f Q x ( 0 , v a ) = ^ ' v | and 
[ x j ] denotes the v e c t o r w i t h components [ x ^ ] , [ x j a ] , f o r 
each u n i t v e c t o r j , ' 
(4.4) l i m [ x ^ G (A + [xj.D] = i f 1 = i , 
x —? + GO 2A/rm 
= o i f j / i p 
where A i s any bounded subset of L« having N(^) members. 
!• 
Proof Since G(A) = £ G ( !...§.] ) i i t i s s u f f i c i e n t t o prove 
ajE A 
the theorem when A has a s i n g l e member _a. T h e r e f o r e , 
by Lemma 2.11, we have t o e v a l u a t e l.im yz—r=-t- , where , ( 2TI J 3 ' x —> + GO 
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11 " 0 ~ a + [ x ; j ] ) 
J < x > = J" J 1 - J ^ u ) ' d ^ - I I -TI 
_ 1 V- 7- a " 1 ^ ' j 1 + g(ii» x) , 
" m J „ J n "" m- lQ(u)-i£ t.u d ^ 
a n d g U , X ) = Q f t ? ^ ^ • ^ e - i u . ( a + [ x 1 ] - x J ) _ ^ 
Now and i t s f i r s t d e r i v a t i v e s are c o n t i n u o u s i n 
S(n, TT ) , and t h e r e f o r e f o r each x so are g(u., x) and i t s 
f i r s t d e r i v a t i v e s . Since ja. + [ x j_] - x j | $ + 
I C x J i - t x j J ) 3 + ( x j a - [ x j s ] ) 3 |a| + J2, and, by Lemma 
2.3, l i m •^m-'— = 1 , i g-> 0 u n i f o r m l y i n x as |u| J, 0 
|u|->0. Now Lemmas 2.3 and 2.8 imply t h a t 
1-j2)(jj) 
i s bounded i n S(TT, n) , and sin c e | V 0 ( u ) | m < + co , i t 
f o l l o w s t h a t [ g ( j J , x ) | and |Q(jj)-im.JJ | | V_g( u.,x) | are 
bounded i n S(TJ, n) u n i f o r m l y i n x. Thus the c o n d i t i o n s 
of Theorem 3.2 are s a t i s f i e d w i t h R. = - x j _ , and i t s c o n c l u s i o n 
i s t h a t f o r any b > 0 
(4.5) l i m -x¥j(x) - i T ( j [ J 6 ) 6 1 X ~ ~ m - i Q C ^ - i ^ . u ) ^ 0 -
X -9 +co \ * J 
Now 
T(&',&) m " i Q ( j j j - i f i j i .u. -5- m " 1 Q 1 ( v . ) - i v 1 
where j ' i s a u n i t v e c t o r which equals ( 1 , 0) i f and on l y i f 
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j = fc-is and Theorem 3 . 11 : s h o w s t h a t 
x-»+co -5 1 1 
ThiSji. i n ( 4 . 5 ) , proves the theorem. 
I n case (B) we have: ; 
Theorem 4.6 Let (S.n) be a, R.W on E9 generated by a 
s t r i c t l y 2-d ime ns i ona 1 R.V.X.. Assume 
(4.7) m = E(X.) = mjfi , where \^\ = 1 and 0 <• m < + bo j 
(4.8) a 3 = E( |X | 3 ) <• + oo ;, 
(4.9) l i m sup \0{u) \ < 1, where 0(_u) - E ( e 1 - * i i ) . 
| u.| -*> CO 
Suppose t h a t i s a u n i t v e c t o r o r t h o g o n a l t o £± , and 
i f Q(u) = E(£(X..u)a) l e t Q ( u ) = Q x(v.) when v^u,..^, 
va = • Then, i f 0^( 0 , v a ) = ^ v| and A i s any > 
Jordan measurable subset o f ' E a w i t h measure | A | , f o r 
any u n i t v e c t o r j 
(4.10) l i m [ x ^ G ( A + x j _ ) j = &\ 
X-» + 00 
-'0 i f j ^ / j . 
Proof I t i s s u f f i c i e n t t o e s t a b l i s h (4.10) when A i s 
a bounded i n t e r v a l of E a„ For i f (4^10) holds f o r every 
such i n t e r v a l I , ' c o n s i d e r the case when A = u. I c . Then, 
n 




i n t e r v a l s , ana p l a i n l y G( , u I J.) = 2 G(l£), (4.10) 
s = 1 s=1 
holds f o r every A of t h i s form. But g i v e n an 
a r b i t r a r y Jordan-measurable A and an a r b i t r a r y e > 0 
t h e r e e x i s t s s e t s A T A A such t h a t A T ^ A ^ A 8 , A X and A A 
are unions of f i n i t e numbeirs of i n t e r v a l s and 
| A X | + e <s | A | ^ | A A | -,e. P l a i n l y 
P [ I . n e Ax + x j j Pl$-n e A + x j j J£ P { l n e A A + x j j 
f o r a i l x and j _ , and so, f o r each x > 0 
x^ G { A L + x j j < x^G[A + x j j «S x^G{A A + x j j . 
Now l e t x -> + CD , and denote the r i g h t hand sid e of 
(4.10) by \ ( j ) t o get f o r every j , 
( | A |- e ) K U ) 4 |A L | X ( j i ) ^ l i m i n f x^ G{ A + x j j 
'' X — > +CO 
l i m sup x^ G{ A + x j _ j ss | A A \ \ ( j _ ) $ ( | A | + e ) X ( j _ ) 
x—> +00-
A. 
Since e i s a r b i t r a r y , t h i s i m p l i e s t h a t l i m x 5G(A+xj_) = 
X — ^ +00 
|A| K , ( j ) , so t h a t (4.10) holds f o r a r b i t r a r y Jordon-
measurable A. 
W-e are thus l e f t t o prove t h a t f o r every a. ana h. w i t h 
0 < h 1 < + c o , 0 < h 3 < + co , 
(4.11) l i m x ^ G [ l ( a , h.) + ' x j j = 4 h ! h a \ (_j ) . 
X ->• +co 
I n s t e a d of ( 4 . 1 1 ) , we prove 
(4.12) " l i m x*L(* + x j _ , h.) = hf hf \ ( j _ ) , 
X — > +00 
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i 
h x h 2 
where 
U s . , h.) = L J ' G [ l(a, Jt,) |dt l d t s . For, i f 0 < g i < h l s 0 < g s . < h 3 » 
[' [ G [ l ( a , _ t ) j d t t d t a = L ( a , h) + L(a., .gj - L ( a f ( h l f g 8 
' 9 i 9„ 
- L ( i f (9i» h s ) ) , 
so t h a t (4.12) i m p l i e s 
l , n i ns> 
(4.13) l i m x- j J G [ l ( a + xj_, i J j d t ! d t s = 
x -> + co ' g x ' g 8 (i 
\ ( j J ( h ? - - g f M h l - g | ) . 
Since G [ l ( < i , _t) | i s a non-decreasing f u n c t i o n of t t and 
t a we have, f o r every x > 0:, 
(4.14) x * G [ l ( a + x j [ , a ) j ( h 1 - g 1 ' 1 . ) ( h a - g a ) *Z x^ Y f G{ I (a f xj_, t ) j d t 
9 i 9s 
_^ x^ G[ l ( a + xj_, .h) j ( h j - g j j f h g - g . ) , 
and i t t h e r e f o r e f o l l o w s from (4.13) t h a t 
l i m sup x^ G { l ( a + x2, A ) J ^ ( h j + g x ) ( h a + g a ) \ ( j _ ) 
x — > +co 
^ l i m i n f x~G[;I(ci + xj_, h.) j . 
x —>- +co 
I f we l e t h j v g x and h a.|/g 3 i n tne f i r s t i n e q u a l i t y and 
h t and g a ^ h 3 i n the second, t h i s becomes 
l i m sup x^G[l(a. + xj_, CL ) j ^  4 g x g s Mo_) 
x —> +G0 
l i m i n f -x^ G [ l ( a . +.jc_j» i l ) j ^ 4 h t h , \ U ) • 
X +00 
Thus (4.11) i s a consequence of ( 4 . 1 2 ) . 
- 7 7 -
I n o rder t o prove (4;12) we have t o e v a l u a t e , a c c o r d i n g 
to Lemma 2.15, l i m x * J I x ) 
x — > + CD v a » where 
oo <*> , i_u „ (x j^+a.) 
J ( X ) =. r .r d ( J I . & % . gi(u) d ^ 
— 00 —oo — 
Taking any 5 > 0 , s p l i t the r e g i o n of i n t e g r a t i o n i n the 
above f o r m u l a i n t o S(b, 6) and E a \ S(6, & ) , c a l l i n g the 
co r r e s p o n d i n g i n t e g r a l s J l { x ) and J A ( x ) . Then J A ( x ) 
= l i m J 8 ( X j R), where • 
R + QO 
R ) = J T e-1*!'* D ( ^ ) ! " i ~ " du. 
S(R,R)\S'6,&) 1 " 
A p p l y i n g Green's Theorem (2.18) w i t h t i ( j j ) = e 1 X—" —, 
ul (-..) _ D(j>t u.) - i a . u , 0 * 8 ^ i i / - ^ u ^ e , we have f o r every R > 6, 
i 
(4.15) J a ( x , R) = =± I T e " i x l ' ^ j . v * 8 ( u ) du + 
x S(R',R))v S(6,6) 
i r . •- i x i . u / \ . 
I f w(6) = sup | l - 0 ( u . ) | - 1 - , by Lemma 2.12 w(5) «c + 00 
u / s ( 6 , 6 ) 
f o r every 6 > 0. Since the second i n t e g r a n d of (4.15) i s 
dominated by w(&) D(h_, _u) and 
u l = -R |u a I=R " -R u i K 




remark a l s o shows t h a t 
i I - . - i x j . u . / \ I I 8 ( h . + h a ) i r w ( 6 ) I J R.J_ e ± - V 3 ( u ) dff | ^  — i — l ^3J. f 
and s i n c e i t i s easy t o check t h a t 1V (u,) I i s i n t e g r a b l e 
i n E a \ S(t>, b ) , J a ( x) = l i m J a ( x, R) e x i s t s and i s 
R +CD 
0("~) as x-» + CD f o r e v e r y a > 0. 
We can now a p p l y Theorem 3-2 t o 
J l ( x ) = | 7 e - 1 * ! " * ^ f 1 , du. S ( 6 , 5 ) 1 " 
For i f we n o t i c e t h a t w i t h o u t l o s s o f g e n e r a l i t y we can 
t a k e £x = ( 1 , 0 ) , = ( 0 , 1 ) , ( t h e t h e o r e m i n t h e 
g e n e r a l case f o l l o w i n g by a change o f c o o r d i n a t e s f r o m 
t h i s p a r t i c u l a r c a s e ) , and w r i t e D ^ 4 ? ^ e " 1 - " - = 
h ? h j ( 1 + g(u)) 
A m •• l 11 / — ; — r , i t f o l l o w s f r o m Lemma 2.3 t h a t 
| u j - * 0 9^ — ^  = ®" P l a i n l y 9'(ji) and i t s f i r s t d e r i v a t i v e s 
a r e c o n t i n u o u s i n S ( 6 , 6 ) , and s i n c e Lemmas 2.3 and 2,12 
, . , . Q - i m u , i m p l y t h a t <\-tf(u) i s bounded i n S ( a , 6 ) , t h e f a c t t h a t 
t h e f i r s t d e r i v a t i v e s o f D(J i , u.) a r e bounded i n t h i s 
r e g i o n a l l o w s us t o check t h a t g(u.) and 
|Q(jiV " i m u i I I V g( u.) I a r e bounded i n S ( 6 , 6 ) . The 
c o n c l u s i o n o f Theorem 3.2, w i t h R = - x j , i s t h a t f o r any 
8 i > 0 
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( 4 . 1 6 ) l i m x 
x —» +00 
i ' & i 6 i L S L S - i x j . u 
* [ J l ( x ) 1 f 1 . - " d u j = 0. 
Now Theorem 3.11 t e l l s us t h a t 
l i m x § I' I' v . - du = 4 T T 3 \ ( j ) , 
and t h i s i n ( 4 . 1 6 ) e s t a b l i s h e s ( 4 . 1 2 ) , and hence Theorem 
4.6. 
-80-
C H A P T | E R I V 
§.1 Theorems 4.1 and 4.6 o f t h e p r e v i o u s c h a p t e r a r e 
t h e s p e c i a l c ases k = 2 o f t h e f o l l o w i n g t h e o r e m s . 
Theorem 1.1 L e t (S. n) be an a p e r i o d i c R.W on L k ( k -^ 2) 
g e n e r a t e d by a s t r i c t l y k - d i m e n s i o n a l R . V X_. 
Assume 
( 1 . 2 ) m = E.(X) = m l ^ i l t where | ^ | = 1 and 0 < m < + OD ; 
( 1 . 3 ) <j a = E . ( U | 3 ) < + co ; 
( 1 . 4 ) E { I X l t 1 - 1 ] ] < + co . 
Suppose t h a t €. x, £ a , £ „ a r e o r t h o n o r m a l v e c t o r s and 
i f Q(u.) = E i ^ ( X - i i ) a ] l e t Q(.u) = Q x(v.) when v, = .u. g% f o r 
s = 1 , 2, k. Then Q„(v , v , ...» v„ ) = Q x ( 0 , v a , . . . v k ) 
i s a p o s i t i v e d e f i n i t e q u a d r a t i c f o r m w i t h n o n - z e r o d e t e r m i n a n t 
£ ^ , and i f i s any u n i t v e c t o r and [ x j _ ] has components 
[xj„] f o r s = 1 , 2, . . . k , 
( 1 . 5 ) l i m [ x * ^ . G(A + [ x ; ) ] ) j = . ( g ) ^ " - i f j = £ x 
x-» +co ' 2 nA ' 
= 0 i f I £ 
where A i s any bounded s u b s e t o f L„ h a v i n g N(A) members. 
Theorem 1.6 L e t (S. n) be a R . W on E„(k ^ 2) g e n e r a t e d 
by a s t r i c t l y k - d i m e n s i o n a l R . V X.. Assume t h a t ( 1 . 2 ) , 
( 1 . 3 ) , ( 1 . 4 ) and 
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( 1 . 7 ) S l i m sup |0(.u) | < 1,, where 0(u) - E ( e 1 J i " - ) ; 
( U_ | — > CD 
h o l d . Then i f A i s any J o r d a n m e a s u r a b l e s u b s e t o f E.k 
h a v i n g measure |A| and j i s any u n i t v e c t o i j 
( 1 . 8 ) l i m [ x ^ ( A + x j ) , } = J i 1 i f " J = A 
= 0 i f j / £ l . 
I n §.2 and §. 3 we g i v e a d e t a i l e d p r o o f o f t h e s e 
t h e o r e m s when k = 3. S i n c e t h e l i m i t s i n ( 1 . 5 ) and ( 1 . 8 ) 
i n v o l v e o n l y t h e f i r s t and second moments o f X.', a s s u m p t i o n 
( 1 . 4 ) means t h a t c u r c o n d i t i o n s f o r k > 4 a r e u n l i k e l y t o 
be b e s t p o s s i b l e . We t h e r e f o r e r e s t r i c t o u r s e l v e s t o 
g i v i n g , i n § „ 4, o n l y a s k e t c h o f t h e p r o o f f o r t h i s c a s e . 
k-3 
At f i r s t s i g h t t h e a p p e a r a n c e o f t h e f a c t o r m ^ i n 
t h e above r e s u l t s i s r a t h e r ' s u r p r i s i n g , e s p e c i a l l y f o r t h e 
case k = 3. I n o n e - d i m e n s i o n a l r e n e w a l t h e o r y i t i s p l a i n 
t h a t by i n c r e a s i n g t h e mean, ot t h e R.V.X one i n c r e a s e s t h e 
a v e r a g e s i z e o f t h e s t e p s w h i c h t h e p a r t i c l e t a k e s , and 
s i n c e w i t h p r o b a b i l i t y one t h e p a r t i c l e d r i f t s o f f t o + co , 
t h e e f f e c t of t h i s w i l l be t o d i m i n i s h t h e p r o b a b i l i t y o f the 
p a r t i c l e v i s i t i n g any f i x e d s e t . Though t h i s e f f e c t i s 
s t i l l p r e s e n t i n k ( ^ 2 ) - s p a c e , t h e r e i s a n o t h e r one as w e l l . 
To see t h i s , c o n s i d e r t h e l a t t i c e case when t h e c o n d i t i o n s 
o f Theorem 1.1 h o l d w i t h g x = ( 1 , 0, 0, ...0) so t h a t 
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£ ( X t ) s m and &(X B ) = 0 f o r s = 2 , 3, k. 
I f S^ 1^, S^2^ d e n o t e t h e p r o j e c t i o n s o f S o n t o t h e x, n — n ~ n 1 
a x i s and t h e ( x a , x 9 . , . . . x h ) h y p e r p l a n e , r e s p e c t i v e l y , i t 
i s r e a s o n a b l e t o suppose t h a t t h e l o n g t e r m b e h a v i o u r o f 
(-\) ( 2 ) S n ' and S.n w i l l be i n d e p e n d e n t . Then 
( 1 . 9 ) Q d f l J + f x - t P ( S [ I 1 ) - [ x ] , = fi> 
n=o 
V t p ( s n 1 ) = C * ] ) P ( i J i 2 ) = fi) as x ~ » + w . 
n=o 
J u s t a6 i n t h e 1 - d i m e n s i o n a i c a s e , one e f f e c t o f i n c r e a s i n g 
00 (4) 
m w i l l be t o d i m i n i s h £ p . ( s n r t x ] ) . However, t h e 
n=o ! 
C e n t r a l L i m i t Theorem i n d i c a t e s t h a t o n l y t h o s e t e r m s i n 
( 1 . 9 ) w i t h nm - x - 0(-v/x~) make a s i g n i f i c a n t c o n t r i b u t i o n 
f o r l a r g e x. Thus i n c r e a s i n g m w i l l p i c k o u t t e r m s 
P l S n 2 ^ = Oj w i t h s m a l l e r v a i ues o f n, and t h e s e t e r m s w i l l 
t h e r e f o r e be l a r g e r . We can c a r r y t h i s c r u d e a r g u m e n t a 
s t a g e f u r t h e r by n o t i n g t h a t t h e l o c a l v e r s i o n of t h e 
M u l t i d i m e n s i o n a l C e n t r a l L i m i t Theorem g i v e s 
P l 4 2 ) - A J * .1 as n — > + co . 
I t i s t h e r e f o r e p l a u s i b l e t h a t 
GiU i + L x / X ] ) . ^ i 2, i , P(SS11) = [ x ] ) . P(S^ 2 ) = -fl) 
|nm-x = 0 ( x t ) 
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V " k V 2 i P'(S n 1 J = [ x ] ) -r^r Jt-1 
k 1 ^ |n«n-x|=0(x*) !'• U n J 2 |nm x») 
n x A 2 k " 1 |nm-xi=0(xi^ 1 " 1 1 
ITx 2 A „k-1 m 
' j 
t h e l a s t s t e p d e p e n d i n g upon t h e o n e - d i m e n s i o n a l Renewal 
Theorem. 
§.2 When k = 3 Lemmas 3.2.111 and 3.2.15 a g a i n show 
t h a t we must i n v e s t i g a t e t h e a s y m p t o t i c b e h a v i o u r o f t h e 
F o u r i e r t r a n s f o r m o f a f u n c t i o n w h i c h has a s i n g u l a r i t y 
l i k e ( Q ( J J ) - i m . - i i j a t the'! o r i g i n . However, i f we t r y 
t o p r o v e a s t r a i g h t f o r w a r d a n a l o g u e o f Theorem 3.3.2 
i t t u r n s o u t t h a t when we a p p l y G reen's Theorem we g e t a 
i, 
n o n - v a n i s h i n g c o n t r i b u t i o n f r o m t h e s u r f a c e i n t e g r a l s . To 
overcome t h i s d i f f i c u l t y we i n t r o d u c e a f u r t h e r t e c h n i c a l 
d e v i c e i n t h e f o l l o w i n g t h e o r e m . 
Theorem 2.1 Suppose t h a t t h e c o o r d i n a t e s u, and v, a r e 
i 
c o n n e c t e d by v, = JJ. e.s , where t h e je, f o r m an o r t h o n o r m a l 
t r i a d , and d e n o t e by S ( 6 l t 6 ] , , 6 3 ) and T ( 6 l , & a, 6 3 ) t h e 
r e g i o n s [ l " . ^ 6 . ' s = 1 » 2> 3 i a n d [ | v . l * & o > s = 1» 2, C 
r e s p e c t i v e l y . L e t e' 
i u . R F ( R ) = k i e — ' j l + 9 ( v , R ) i 
P ( v a , v 3 ) - i v l ' 
where P i s a p o s i t i v e d e f i n i t e q u a d r a t i c f o r m , |R'|-|R| i s 
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bounded f o r a l l R. and g s a t i s f i e s : 
( 2 . 2 ) f o r each R, g, 4^ , and ^ % y • e x i s t and a r e 
c o n t i n u o u s i n S ( n , n, n) f o r s = 1 , 2, 3 and t = -1 , 2» 3; 
( 2 . 3 ) |g| , | P - i V l | | a ^ J and | P - i V l I a I av<> 8 v t I a r e bounded 
i n S ( n , I T , n) u n i f o r m l y i n _R f o r s = 1 , 2, 3 and t = 1 , 2, 3; 
( 2 . 4 ) |g | 0 u n i f o r m l y i n R. as |v.| — ? 0. 
8_f 
9 u 
w i t h p e r i o d 2n i n each u , ( s = 1 , 2, 3) 
Then, i f f ( u . , R.) and g-^j (u.,1 R) ( s = 1 , 2, 3) a r e p e r i o d i c 
( 2 . 5 ) l i r a J l i m s u p '|R. 
b b 0 \ J R | —9»+oo,ReL3 
j - e + i - u - ' ^ f ( u . R ) du -
S'(n, T T . T T ) 
+ :L v . R ' 
l T ( . l i J P , . , 6 ) P ^ ^ ' ^ 
= 0, 
f o r e v e r y 0 <L p t 1 , 
P r o o f S i n c e P ( v a , v 3 )' i s p o s i t i v e d e f i n i t e , k a(v§ + v§ ) & 
P ( v a , v 3 ) 6 k 3 ( v | + v | ) f o r a l l v a , v 3 , where 0 < k a ^ k 3 < + co . 
W r i t i n g R and R' f o r |R.| and. | R * \ r e s p e c t i v e l y , l e t e t ( R ) 
and e 3 ( R ) be f u n c t i o n s , t o be chosen l a t e r , w h i c h d e c r e a s e 
t o z e r o as R i n c r e a s e s t o + co and s a t i s f y 
( 2 . 6 ) eg < e x m i n ( 1 , k V ) 
f o r a l l R. Then i f Sx = T ( E v , e a , e a ) , S a = S ( T T , TT , T T ) N S X 
and S 3 = T ( 5 1 + P , 5, ftJNS^ ( 2 . 5 ) t a k e s t h e f o r m 
( 2 . 7 ) l i m [ l i m s u p R | k l I l + I a - k 1 I a | j = 0 
6 ^ 0 R —s> + co, R s L 3 
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where I t = J'JJ e * 1 - - - g(v,R) + i u . R _ , D , . 
SY P ( v a s v 3 ) - i v , d * • |JJ 6 * 
a a 
+ iv..R.' 
and 1 3 = IT I' -T-, \—: dv. 
3 - I J J P ( v a , v s ) - i v 1 -
D e f i n i n g M(e) = . sup , [ s u p | 9(.v»JL) | J » w e 
_y_eT(E |E R.el-3 
see t h a t ( 2 . 4 ) i m p l i e s t h a t ; M(e)4- 0 a s e >Ir 0 . On a c c o u n t 
o f ( 2 . 6 ) , S x T ( e l f e f , e f ) ;and t h e r e f o r e 
I 1 . I «•«<«.> J'i'J" |P (V.!V . ) - 1 » 1 | 
dv 
* M ( E l ) P l k j ( v j + v 4 ) + v t j * 
k a e i e i ? § 
= M ( e x ) J J" J - dw^wgdwa 
-i'aex'o b { (wf +w|+wf)waw, j * 
( 3 . 8 ) ^ k 4 e XM(e x ) . 
By an a p p l i c a t i o n o f Green's Theorem ( 3 . 2 . 1 9 ) , 
l a = J'|J' f (".• R) 7 3 i-R- a & l " - J d u 
= " R3 J'JT e i - - V 2 f ( u , R)du + £ a J - J e ^ ' - ^ n . V f - i R . n f j d 
where a and 1^ a r e t h e b o u n d a r i e s o f S( TT , n, TI ) and 
T ( e l t e s , e a ) r e s p e c t i v e l y , a c o n s i s t s o f t h e s i x p l a n e 
f a c e s o ~ ( s ) ( s = 1 , 2, 3)., where a + ( s ) = ( u , = +TT , 
|u I ^ T T f o r -fc ^  s j . By a s s u m p t i o n f(u.,R.) and V f ( u. j l ) . . a r e 
p e r i o d i c wit'h p e r i o d 2TT i n ea.ch v a r i a b l e , and i f R E L 3 t h e 
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i u R 1 
same i s t r u e o f e —" —. T h e r e f o r e t h e c o n t r i b u t i o n s f r o m 
t h e f a c e s o " + ( s ) and CT ( s ) c a n c e l f o r each s, and t h e t o t a l 
c o n t r i b u t i o n f r o m t h e i n t e g r a l o v e r o* i s z e r o . Now 
a s s u m p t i o n ( 2 * 3 ) means t h a t t h e c o n t r i b u t i o n f r o m T ~ i s 
l e s s i n a b s o l u t e v a l u e t h a n 
J J h p ( v a , v , ) - i — + | P ( v a , v 3 ) - i V l | * J d a - S l n C e 
X = i I v i | = e l f | v a | * e a , | v 3'| * E , j 
has a r e a 8 e | and on i t | P ( v 8 , v 3 ) - i v x | » g i s 
T- a = ( | V l | £ e x , | v a |= e a , | v B | <s e a J 
has a r e a 8 E 1 E 3 and on i t | P ( v a , v 3 ) - i v x | » k 8 e § , and 
= { l v i l ^ E I » I v a I fi e s » l v a l = e s j h a s a r e a B C j E g and on i t 
| P ( v a , v 3 ) - i v l | & k 3 e | , t h i s l a s t i n t e g r a l i s d o m i n a t e d by 
" • " I T * + ¥i 1 + 8 k 6 1 4 + iFpr J- A g a i n f r o m ( 2 . 3 ) and 
c 
t h e f a c t t h a t P ( v 3 , v a ) - i v 1 and i t s f i r s t two d e r i v a t i v e s a r e 
bounded i n S ( n , n, TT ) we have 
k 7 
|V 3 f (JJ,- R) | <£ | p ( V a t v a ) - l v 1 | 3 f o r 3 1 1 - 6 S a a n d 3 1 1 
Thus 
i j x r 7 . F { J L . R ) d ^ i i „ 7 j - j T I P ( V . ^ . > - I V , I * 
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.. dWj dw a dw 3 . 
^ k 7 J J (w,wai'.*lwf + w§+wlj^ 
* k 8 / e 8 
e a » 
and t h e r e f o r e 
( 2 . 9 ) | I a I * Raja + R T " l e a + P | e g j + R l E l + k a e a J 
f o r a l l R, e L 9 . 
i 
A g a i n by Green's Theorem,, 
T - r r r n S t 1 + i R / . v . t •• . 
3 " l ] J j ^ ( v , . v . ) - i v ; 
S i n c e | P ( v a , v 3 ) ^ i V l | « | ^ l p ( - V a ' , v w ) - i v 1 i l a n d 
1 
I'P ( v a i v a ) - i v a | I ^  1 p ( v ' , v a ) - 1 v ^ I a r e b o u n c l e c l i n ' s ( " > n » a n d 
S S ^ S ( T T , t i , t r) f o r a l l s m a l l enough b, o u r p r e v i o u s e s t i m a t e s 
a p p l y and show t h a t 
( 2 . 1 0 ) | I S - ^ l b \ k g [ f i g h t hand s i d e o f ( 2 . 9 ) j f o r a l l 
R 
6 4 & 0, where 
-88-
'c 1D R ' 
P l a i n l y I Ii I * J'J , i | K v „ v . ) . l v , | ' + | P ( v . . v . | J d f l • *" d "M& ) 
i f we s p l i t T - ( 6 ) up j u s t as we s p l i t T " ( e ) up and a p p l y 
t h e same e s t i m a t e s , we f i n a t h a t 
( 2 . 1 1 ) | I & | *L k 1 Q f x ( 6 ) + R' f s ( 6 ) 
P — 2 p 
where f x ( 6 ) = 8 [ & " 2 p + . MO = * [ 6 1 " P + HH , 
so t h a t f o r 0 p ^ 1 l i m f a ( 0 = 0. 
5 ^ 0 
Now l e t £ l = * f , e a = J j ; [ w h e r e c > m i n p ' j k - i | 
so t h a t ( 2 . 6 ) i s s a t i s f i e d } and l e t R -> + co w i t h R, e L a 
i n ( 2 . 8 ) , ( 2 . 9 ) , ( 2 . 1 0 ) and ( 2 . 1 1 ) t o g e t 
l i m sup [R | k x I ! + I a - k xI»I j 
R +00, R.E L 3 
k B 8.k,i 8.ks. 
^ ( 1 + MoM^f + + — ) + k i f 8 ( 0 
S i n c e we can choose c t o be a r b i t r a r i l y l a r g e , t h i s 
r e d u c e s t o 
l i m sup i"R | k x I x + I , - k i l . J j s t f s ( & ) , 
R-5>+co, Re L 3 
and s i n c e l i m f a ( & ) = 0, t h i s i s ( 2 . 7 ) , w h i c h p r o v e s t h e 
! > ^ o 
t h e o r e m . 
O b v i o u s l y Theorem 2.1 w i l l n o t a p p l y t o t h e n o n - l a t t i c e 
c a s e , so we need: 
I 
i - 8 9 -
Theorem 2.12 Suppose t h a t u and v. a r e c o n n e c t e d as i n 
Theorem 2.1 and t h a t S ( 6 T , 6,3 , 6 3 ) and T( 6 x , 5 a ,&„ ) d e n o t e 
t h e same r e g i o n s as i n Theorem 2 . 1 . L e t e ^ — * - i f ( u . ) = 
i R v . i ' M i + i U ) ) 
e — — — 7 r , where, P i s a p o s i t i v e d e f i n i t e Q u a d r a t i c 
f o r m , | j | = 1 and g s a t i s f i e s ; 
9 9 ^  " ( 2 . 1 3 ) g, -r^- and : — % e x i s t and a r e c o n t i n u o u s and 3 ' 3 v g 0 v 99 v t 
I 9 I » | P ( v 3 , v 3 ) - i V l | | g ^ - | and ' | P ( v 8 l , v 3 ) - i v x | s |^-§-^-| a r e 
bounded i n S ( d , d, d) f o r some d > 0 f o r s = 1 , 2, 3, 
t = 1 , 2, 3; 
( 2 . 1 4 ) l i m |g( v.) | = 0. 
I v.I -?0 
Then, i f f ( u ) , Q-f^ii) and a r e c o n t i n u o u s and 
a b s o l u t e l y i n t e g r a b l e i n "5"( d, d, d ) = { u , / S ( d , d, d ) j 
( 2 . 1 5 ) l i m l i m sup j f 3 I JJJ" e i R - ' i f ( u ) d u -
& 4 0 R -j> + co L I -» 
T ( 5 1 + P , & , 6 ) 
f o r e v e r y 0 ^. p / i 1 . 
P r o o f I f we examine t h e p r o o f o f Theorem 2.1 we see t h a t 
t h e p e r i o d i c i t y o f f ( u _ , R.) and i t s d e r i v a t i v e s and t h e f a c t 
t h a t R. e L a a r e used o n l y t o slhow t h a t t h e i n t e g r a l o v e r 
t h e b o u n d a r y 0* ( IT ) o f S ( n , n, '<y) v a n i s h e s . S i n c e t h e 
f(_ u ) and g(v_) o f Theorem 2.12 s a t i s f y , i n S ( d , d, d ) i n s t e a d 
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o f S ( T T , I T , n ) , t h e o t h e r a s s u m p t i o n s o f Theorem 2 . 1 , t h e 
a r g u m e n t used t o p r o v e Theorem 3.1 a p p l i e s a g a i n and y i e l d s 
( 2 . 1 6 ) l i m l i m S U P ( R | J ' ] " J " e ^ - ' ^ f ( u ) d u -
6*° s' ( d; d > d i ) 
..... •' eiRv,±< ; 
where 1 ( d ) = IT e i R t - , - i ) [R:.VJ(U) - i R X J . f ( u ) j d u . 
a i d ) 
I f J ( Y ) = f f f e l R ( ^ . - - i . ) f (_u)du, ( 2 . 1 5 ) w o u l d f o l l o w 
S ( Y , Y , Y ) \ S ( d , d , d ) 
f r o m ( 2 . 1 6 ) and 
( 2 . 1 7 ) l i m sup{R| l i m J ( Y ) + - ^ r M J = 0-
R -3> +C0 Y -? + 00 
However Green's Theorem ( 3 . 2 . 1 9 ) shows t h a t f o r eacy y > d 
and each R, 
J<Y> = -& JJJ e i R ^ V * f ( u ) d u 
S ( Y , Y , Y ) \ S ( d , d , d ) 
+ h IT e i R - , J - [ n . V f ( u ) - iRxi.i£(u) j d u . 
R ath 
Now, by a s s u m p t i o n , | f ( u . ) | and | y f ( u) I a r e i n t e g r a b l e i n 
S"(d,d,d), and t h i s i m p l i e s t h a t 
l i m j'T e l R ^ - ' ^ - [ i . V ^ f ( j i ) - iRn..Jf ( j i ) j d tt = 0. 
Y-> +co a ( Y ) 
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S i n c e V a f ( j j ) i s a l s o i n t e g r a b l e i n S ( d , d, d ) , 
l i m J(Y ) + -^r^- e x i s t s and i s 0(^a") as R — > + coby t h e 
Y-*»+co 
Rieman-Lebesgue Lemma. T h i s i s more t h a n enough t o e s t a b l i s h 
( 2 . 1 7 ) , and hence t h e Theorem. 
Our a n a l o g u e o f Theorem 3.3.11 i s s 
Theorem 2.18 I f e i s a u n i t v e c t o r and 0 < p < 1 
- i Re_. _v 
( 2 . 1 9 ) l i m [ l i m s u p | R NT ? ( v , , v 1 ) - i v 1 d * " J=° 
6Vo R - > + co T ( 5 l + P f 5 | 6 ) 
f o r any p o s i t i v e d e f i n i t e q u a d r a t i c f o r m P, where w(_e) = 0 
2_a 
when e / ( 1 , 0, 0 ) , = ^ g- when e = ( 1 , 0, 0 ) , and d e t ( P ) = D a . 
1 4- ft 
P r o o f For t h e moment w r i t e 6 * = b 1 , and c o n s i d e r f i r s t t h e 
case e, = 0. S i n c e I" -—^ = 2 t a n 1 ^rr~ , t h e i n t e g r a l i n 
1 L A - i v A 3 "o 
( 2 . 1 9 ) r e d u c e s t o 
_ b v .^ - i R ( e a v_ + e 3 v, ) . - 1 &'/ . ^ 2 e X 3 S 3 3 ' t a n / n , N d v a d v 3 . 
J B J B ' P( v a , v 3 ) a 3 
C a l l i n g t h i s i n t e g r a l I x , t h e 2 - d i m e n s i o n a 1 v e r s i o n o f Green's 
Theorem ( 3 . 2 . 1 8 ) shows t h a t R I X = - i I 3 + i e 3 I 3 + i e a I 4 where 
T - i R ( e s v a + e a v., ) . 5 . -1 b ' , 
I a = e v 8 a 3 3 ' j e a - s — t a n 777 x + 
8 ^ j j 1 3 a v 8 P ( v a , v 3 ) 
E 3 9v7 t a n " 1 . P ( v a ! v 3 ) l d v « d V 3 ' 
-6 
. D ^ - i R e , ! ^ -1 6 ' + i R e 3 & , -1 b[ V 
i R e a v a | e * t a n p { y ^ b ) - e t a n ^ d v , , 
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br - i R e , v 3 { - i R e a 6 . -1 b' i R e a 6 . -1 b1 > , 
X 4 = J e t a n P ( 5 , v 3 ) " 6 P ( - 5 , v 3 ) l D V 3 — o 
9 •) 6 ' • 6V 
S i n c e -s t a n -rr, r = Tig , n a / r , w h i c h i s i n t e g r a b l e 
9 v a P ( v 8 , v 3 ) S' +P 3 ( v a , v 3 ) 
n e a r 0, l i m • I 8 = 0 by t h e Riemann-Lebesgue Lemma. P l a i n l y 
R -» +co 
t h e b r a c k e t e d t e r m i n I 3 i s i n t e g r a b l e i n (-6, 6 ) so 
l i m I 3 = 0 by t h e Riemann Lebesgue Lemma u n l e s s e a = 0. 
R-» +oo 
I n t h a t case 
-1 A l . -1 6' 
-6 
| I a | * 2|..|Nt.n- 1 p r t ^ 7 + t a n ' 1 J^^jl^ * 4n» 
so t h a t l i m l i m sup | I 3 | = 0. The same r e m a r k s a p p l y t o I 4 and 
6^o R—> +• co 
t h e r e f o r e l i m l i m sup [ R | l i | ] = 0; t h i s p r o v e s t h e t h e o r e m 
6 ^ 0 R —*> + 00 
when e j = 0. t 
I f el £ 0, c o n s i d e r f o r X > b* 
X 6 6 -iRv..e. 
J J X ) = r r r £7 ^ — d v 
+ v ^ 6 ' -6 -6 P ( v " ' v ^ v i ~ 
S i n c e 
X - i R v . e , . -iRe,X Q - i R e 1 6 ' 
I , P ( v a , v 3 ) - i V l ° Vl " R e i L P ( v 8 , v 3 ) - i X ' P ( v 3 , v 3 ) - i & ' J 
1
 x. e - i R v i e i 
+ R e t J , (P(v l iv,)-iv l)» d v ^ ' 
and 
?,. d v a d v 3 ^ » t»n-1P<vS)V"? 
V L dVi a P A ( V - V 3 ) + v i _ a P ( v 3 , v 3 ) — d v « d v = - + m » 3 * 3 
we h a v e , f o r e v e r y 6 > 0 
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- i R e j f c ' 5 - i R ( e s v a + e 3 v 3 ) 
( 2 . 2 0 ) R l i m V * ) = ^ IT % ( v a , v 3 ) - i 6 ' d v * d v ° 
i ° » e ' i R - ' -
+ J» v[,» • i t ( P ( v . . v , ) - i V l ) ' 
T h i s l a s t t e r m v a n i s h e s when R —^ + oo , by t h e Riemann-
Lebesgue Lemma, and s i n c e t h e o t h e r t e r m on t h e r i g h t hand 
>s d v a 1 d v a , _ , _ 4 6 f s i d e o f ( 2 . 2 0 ) i s d o m i n a t e d by -r r |"| * ^TT~TTT' 
l e i ' ' H | P ( v , , v , ) - 1 5 ' | | 6 l | b 
( 2 . 2 1 + ) l i m l i m sup [ R | l i m J + ( X ) | ) = 0. 
b^O R — » + 00 X-5* +03 
- 5 ' b b - i R e.. _v 
S i m i l a r l y , i f J _ ( X ) = f f J" P ( v a , v , ) - i v , d^» w e h a v e 
V^s -X -b -b v 8 ' 3 ; 1 
( 2 . 2 1 - ) l i m l i m sup [ R | l i m J_( X ) | ] = 0. 
b\o R —>» + oo X-^+ao 
The t h e o r e m w i l l f o l l o w f r o m ( 2 . 2 1 + ) and ( 2 . 2 1 - ) i f we 
can show t h a t whenever e x > 0, 
( 2 . 2 2 ) l i m l i m sup [|RJ(R) - w(e.)|] = 0, 
6^o R — > +co 
b b oo . - I R e . v e where J(R) = I" f I' 777 • ;—: dv . S i n c e , when 
- b - b V L = - » P ( V 3 ' V 3 ) - 1 V 1 ~ 
A 7 0 , 
3 0 - i B v _ -AB . . n ^ n ,• e , 2ne i f B > 0 , . dv = . J A - 1 v 
0 .' i f B < 0 , 
J ( R ) v a n i s h e s when e x <. 0, and so e q u a l s w(_e) i d e n t i c a l l y , and 
when e a > 0 
- 9 4 -
6 
J ( R ) = 2n J']" e - I R ( e » v « + e » V e - R e i P ( v a , v 3 ) d V a 
— 6 
= 2 T T t f j e - i R ( e 3 ^ + e 3 v 3 ) e~Re^v*>v*hva d v 3 - J ^ R ) ] . 
— CO 
Here R | J X ( R } | ^ R J J e " R e i k 3 ( v I + v§) d V g d V g 
e"-ikt(w8+«S) dw 8 d w „ . 
wf+wf£R& 8 
so p l a i n l y l i m R | J 1 ( R ) [ = 0. 
R-3> + 0 0 
S i n c e P ( v a , v , ) i s p o s i t i v e d e f i n i t e t h e r e i s a r o t a t i o n 
o f c o o r d i n a t e axes t a k i n g P ( v a , v 9 ) i n t o p|w| + p|w|, where 
w a , w 3 a r e new- r e c t a n g u l a r c o o r d i n a t e s and p| 0, p£ 0. 
Then, w r i t i n g ,z a = ( p a ) ^ w a, z 3 = ( p ^ ) ^ w 3 and n o t i c i n g t h a t 
PaPi = D e t ( P ) = D a, we have 
CO j-J e - i R ( ^ v a + e 3 v 3 ) ^ - R e ^ t v g . v , ) 
= 1 J. j - e - i R ( e | z a + e i z 3 ) ^ - R e ^ z l + z l ) 
= § f c o s ( R e | z 3 ) e " R e i z i d z a J co s( ReJ-z3 ) e ' R e i z * d z 3 
b b 
n _(e|a-t-eja )R 
= RDe", 6 4 * i 
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Thus l i m RJ(R) = 0 u n l e s s e|a + e ] * = 0, when 
R - 5 H - 0 0 
2ir a 1 l i m RJ(R) = fr—. However e|s + e 3 a = 0 i f and o n l y 
R->+oo U € l 
2 n a 
e a = e 3 = 0, and i n t h i s case el = 1 and ^ e = w ( e ) . 
( 2 . 2 2 ) i s t h e r e f o r e e s t a b l i s h e d , and w i t h i t t h e t h e o r e m , 
§.3 P r o o f o f Theorem 1.1 when k = 3. 
S i n c e G(A) = Z G(|_aJ), i t i s s u f f i c i e n t t o p r o v e t h e 
ae A 
t h e o r e m when A has a s i n g l e member _a. • T h e r e f o r e , by Lemma 
x j ( x ) 
3 . 2 . 1 1 , we have t o e v a l u a t e l i m (2 n )a ' w n e r e 
x -P- + 00 
n TT TT - i u.. ( a + [ x j ] ) 
J(*> = I I J 1 - rtuf- ^ 
- I T - T T - T T ^ — 
I n Theorem 2.1 p u t R. = -( a . + [ x j j ) ( s o t h a t j t e L 3 f o r a l l 
x ) , f ( u , R) = ( 1 - j Z l ( u ) ) ' 1 , P ( v a , v 3 ) = 
m ~ 1 Q 0 ( v a , v 3 ) , k 4 = m and R' = - x ^ ' * where j , = ^ D J f o r 
s = 1 , 2, 3 ( a n d t h e a r e t h o s e o f Theorem 1 . 1 ) . Then 
by Lemma 3.2.1 P i s p o s i t i v e d e f i n i t e and by Lemma 3.2.6 
t h e p e r i o d i c i t y c o n d i t i o n h o l d s f o r •[ u ^ a n c * *- t s d e r i v a t i v e s , 
* 3 
A l s o |R' |= x and | x j _ - [ x j j \ = [ Z ( x . i , - L x j . ] ) a j * ^ 
s = 1 
so t h a t | |R| - | R'| I ^ + f°r a l l x. 
, n X Q o ( v a i V a ) - i m v i i v . b ( x ) . 
Now g ( v , R ) = Q l ( v ) - i m v 1 + P l ( v ) 6 ~ 1 ' 
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where p i ( v . ) = p(u.) ( t h e f u n c t i o n i n t r o d u c e d i n Lemma 
3.2.3) and b.( x ) has components b s ( x ) = £, . { x j_-a.-[ x j j ) , 
each o f w h i c h i s bounded f o r a l l x. Thus e*~' — — » 1 
u n i f o r m l y i n x as 0, and s i n c e , u s i n g Lemma 3.2.3, 
Q o ( v a , v 3 ) - l m v 1 Q n ( v a »v.v)-imvi ( v j - i m v , 
Q 1 ( ' v ) - i m v i + p ( v ) ~ Q 1 ( v ) - i m v 1 ' Qx ( v ) - i mv a + p x ( v) 
= r n v i i q i i v i ^ a g i a v a + . q i 3 < h , 1 _ P, ( v ) 
Qi(v/) - imvl 1 <• Q x ( v . . ) - i m v i + Pi ( v.) 
= [1 + 0 [1 + as |v| - » 0 , 
= 1 + 0 ( 1 ) as |v, |->0, 
9(^.i R.) —>0 as I v. I —>0 u n i f o r m l y i n R. T h i s i s c o n d i t i o n 
( 2 . 4 ) , and c l e a r l y t h e e x i s t e n c e o f gs ( ( 1 . 3 ) ) i m p l i e s 
Qo-imv, 
t h a t ( 2 . 2 ) i s s a t i s f i e d . S i n c e | i = Qi ( v . ) - i m V i + Pi (v.) 
1 Q o ( v a , v a ) - i m v , . - „ 1 \ | 1 - ff( u) ' 1 S bounded i n any s u b s e t o f S ( T T , n, TI ) 
n o t c o n t a i n i n g t h e o r i g i n (Lemma 3 . 2 . 8 ) , and i t t e n d s t o 
one as |v,|-»0, i t i s bounded t h r o u g h o u t S ( T T , TT , n ) . T h i s , 
t o g e t h e r w i t h t h e f a c t t h a t | b { x ) | i s bounded f o r a l l x 
shows t h a t ( 2 . 3 ) i s s a t i s f i e d . The c o n c l u s i o n o f Theorem 
2.1 i s 
( 3 . 1 ) l i m l i m sup [ x | j ( x ) - I ( x , 5 ) | j = 0, 
&| 0 X —> +03 
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where I ( x , 6 ) = I' . , . I" f j—, ?—: and 0 <• p < 1 . 
Now Theorem 2.18 t e l l s * us t h a t 
( 3 . 2 ) l i m l i m s u p | x l ( x , 6 ) - — w(_j ' ) | = 0, 
6 ^ o x -> + 0 0 
where w( j _ ' ) = 0 i f 2 ' / ( 1 , 0, 0 ) , 
= ~ i f i ' = ( 1 , 0, 0 ) . 
N o t i n g t h a t D 8 = D e t ( m ~ 1 Q 0 ( v a , v 3 ) ) = and t h a t 
j _ ' v = ( 1 , 0, 0 ) i f and o n l y i f j _ = £ x , ( 3 . 1 ) and ( 3 . 2 ) 
t o g e t h e r i m p l y 
( 3 . 3 ) l i m l i m sup | x J ( x ) - ( 2 n ) 3 \ ( j _ ) | = 0, 
6^o x — > • + 0 0 
where X ( j ) d e n o t e s t h e r i g h t , hand s i d e o f ( 1 . 5 ) when 
k = 3 and N ( A ) = 1. S i n c e b o t h J ( x ) and \ ( j _ ) a r e 
i n d e p e n d e n t o f 5, ( 3 . 3 ) r e d u c e s t o 
, . x J ( x ) \ / • \ 
X -> + 0 0 
and t h i s i s Theorem 1.1 f o r k = 3 and N(A) = 1. 
P r o o f o f Theorem 1.6 when k = 3 
The a r g u m e n t used on pp.74--76 o f C h a p t e r I I I needs o n l y 
t r i v i a 1 m o d i f i c a t i o n s t o a p p l y t o t h e case k = 3, when i t 
shows f i r s t l y t h a t we need o n l y e s t a b l i s h ( 1 . 8 ) when A 
i s a bounded i n t e r v a l I(a.» h.), s e c o n d l y t h a t ( 1 . 8 ) when 
A = I(o.» i l ) i s a consequence o f 
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( 3 . 4 ) l i m x L [a + x j _ , h j = h? h| hjj \ ( j_) , 
x —» +00 
and f i n a l l y t h a t we can t a k e £^ - ( 1 , 0, 0 ) , £ a = ( 0 , 1 , 0 ) 
and £ 3 = ( 0 , 0, 1) w i t h o u t l o s s o f g e n e r a l i t y . From Lemma 
3.2.15 we have t h e r e p r e s e n t a t i o n 
( 3 . 5 ) L ( a + x j , Jl) = > J J J tf{u) du = - J r 1 . 
-an —09—00 ^ v — ' 
. '. , .. P/ , D ( h , u ) e " 1 - ' - h f h | h | ( 1 + g ( u ) ) and i f we w r i t e f ( u ) = j,—r— = * • — f ' - ' ^ — r — : 
~ 1 - 0(u.) 8m m _ 1 Q 0 ( u a , u 3 )-iul 
i n Theorem 2.12 we have, 
h s h a h a 
( 3 . 6 ) l i m l i m sup [ x | J ( x ) 1 a 3 I ( x , 6 ) | J = 0, 
bio x — > +oo 
1+P 
6 P 6 6 - I X U . u . ) D A 
where I ( x , 6 ) = J' I" I" 7 7 - 7 ?—: , p r o v i d e d t h a t 
u 1=-6 p 
t h e c o n d i t i o n s o f Theorem 2.12 a r e s a t i s f i e d . S i n c e 
D(Jl> J±) and i t s d e r i v a t i v e s oil t h e f i r s t two o r d e r s a r e 
c o n t i n u o u s , bounded and a b s o l u t e l y i n t e g r a b l e i n E 3 and, 
by Lemma 3.2.12, sup | l - 0 ( i i ) | < + GO f o r e v e r y d > 0, 
l i i l > d 
t h e c a l c u l a t i o n s o f p.96 t o g e t h e r w i t h t h e f a c t t h a t 
n s n a n a 
l i m D(_h, JJ) = * 3 — - show t h a t t h e s e c o n d i t i o n s a r e 
|u|-*o 8 
s a t i s f i e d f o r any d > 0. 
J u s t as b e f o r e Theorem 2.18 y i e l d s 
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l i m l i m sup | x l ( x , & ) - ( 2 T T ) 3 K( j ) | = 0, 
6 ^ 0 x —?> + co "~ 
and t h i s i n ( 3 . 6 ) i s 
l i m l i m sup | x J ( x ) - T T 3 h f h l h | X , ( j j | = 0, 
6^o x —> + 0 3 
w h i c h e s t a b l i s h e s ( 3 . 4 ) and hence Theorem 1.6 when k = 3. 
§.4 When k i s even and g r e a t e r t h a n t h r e e t h e p r o o f s o t 
Theorems 1.1 ana 1.6 f o l l o w t h e same l i n e s as t h o s e g i v e n i n 
c h a p t e r I I I f o r t h e case k = 2s t h e p r o o f s when k i s odd ana 
g r e a t e r t h a n t h r e e a r e s i m i l a r t o t h o s e o f §.3 o f t h e p r e s e n t 
c h a p t e r . 
C o n s i d e r , f o r e x a m p l e , t h e l a t t i c e case 1.1 when 
k = l€ . A s s u m p t i o n ( 1 . 4 ) and Lemma 3.2.6 mean t h a t a l l 
d e r i v a t i v e s o f $(.u) o f t h e f i r s t 4 o r d e r s e x i s t , a r e 
bounded, have p e r i o d 2TI i n each v a r i a b l e and a r e c o n t i n u o u s 
i n E". S i n c e [ 1 - ${u.)\ " i s i n t e g r a b l e i n E" f o r 
s = 1 2, we can a p p l y Green's Theorem ( 3 . 2 . 1 8 ) 
d - 1 t i m e s t o t h e r e p r e s e n t a t i o n i n Lemma 3.2.11 o f 
G ( { j . } ) . t o g e t , t h e s u r f a c e i n t e g r a l s c a n c e l l i n g o u t i n t h e 
usua1 way , 
i — i -n -TT 
where • = a_. V and a. e L^ . Now 
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o f d e g r e e € -1 i n [ 1 - 0(u.)j w i t h c o e f f i c i e n t s w h i c h a r e 
f u n c t i o n s o f a, and t h e d e r i v a t i v e s o f o f t h e f i r s t / - 1 
o r d e r s . S i n c e t h e d e r i v a t i v e s o f e x i s t and a r e 
bounded, Qf(.u».a) i s i n t e g r a b l e i n and t h e r e f o r e , by 
Green's Theorem and t h e Riemann-Lebesgue Lemma 
( 4 . 2 ) G ( ^ a j ) - ( 2 i i ) k [\±\9\ J ; ' ^ 6 ( i - ^ ( u ) j g ^ 
- / 
+ 0[ | a.| ' j as | a | - > + oo , 
5 a u) {-ia..m|^" 1 . . I f we w r i t e 
t h e u s u a l e s t i m a t e s f o r 0(JJ) (Lemma 3.2.3) and i t s 
d e r i v a t i v e s show t h a t g(u., a.) —»Ouniformly i n a. as 
|.u|—»0. As t h e f i r s t d e r i v a t i v e s o f g(u, 9 a.) a r e w e l l -
b e h a v e d , we have a s i t u a t i o n a n a l o g o u s t o t h a t t r e a t e d i n 
Theorem 3.3.2, and t h e c o n c l u s i o n o f t h a t Theorem i s , 
e s s e n t i a l l y , t h a t when •€ - 1 
( 4 . 3 ) ' l i m i U l * J"..]' 7 ^ 7 ^ r F d u J = 0 . 
However a s i m i l a r c a l c u l a t i o n shows t h a t ( 4 . 3 ) h o l d s when 
£ > 1 and t h a t t h e e r r o r i n c u r r e d i n r e p l a c i n g t h e r e g i o n o f 
- 1 0 1 -
i n t e g r a t i o n by T ( 6 , b, .... , &) i s a l s o 0 ( | j a | ) as 
|_a_| — > + C D f o r any b > 0. The same ar g u m e n t a l s o shows 
t h a t f o r each b £ L, and each u n i t b e c t o r j _ , 
( 4 . 4 ) l i m [ x * r..P J e - ^ - ^ ^ U - ^ ' - i j d ^ , n 
x ->+oo T ( 6 , . . 5 ) [ Q ( u ) - i m . u f S~0' 
so t h a t , by ( 4 . 2 ) , ( 4 . 3 ) and ( 4 . 4 ) 
( 4 . 5 ) G ( U + [ x j ] J ) ^ X ^ i l i ^ / - 1 r . . r t g ' ^ j J t } < d u 
' T(6 , ..6 ) 
as x —> + oo . 
A l l t h a t i s r e q u i r e d now i s t h e f o l l o w i n g 2 ^ - d i m e n s i o n a l 
v e r s i o n o f Theorem 3 . 3 . 1 1 : 
' J - / " - ' . | Q( x->+co T ( 6 , . . 6 ) 
( 4 . 6 ) l i m x s I". . 
: - x i i ' J . 2T I^ /ST 
" ( u ) - i m u . ^ f d^ = («T-1)!A ^ U j = ^ 
= 0 i f i ^ A 
and t h i s i s p r o v e d i n t h e same way as Theorem 3 . 3 . 1 1 . 
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CHAPTER V 
§.1 I t f o l l o w s f r o m Lemmas 2.11 and 2.15 o f c h a p t e r I I I 
t h a t , when X, has z e r o mean and f i n i t e second moments and 
k » 3, G(A) e x i s t s f o r e v e r y bounded s u b s e t A o f L k i n t h e 
l a t t i c e case and f o r e v e r y J o r d a n m e a s u r a b l e s u b s e t A o f 
E k i n t h e n o n - l a t t i c e c a s e . We now i n v e s t i g a t e t h e 
b e h a v i o u r o f G(A + x ) as |x.|->+ oo i n t h i s c a s e , and once 
a g a i n can c o n s i d e r o n l y t h e s i t u a t i o n s ( A ) and ( B ) o f 
c h a p t e r I I I . Our r e s u l t s a r e : 
Theorem 1.1 L e t (S. n) be an a p e r i o d i c R.W on L k ( k > 3) 
g e n e r a t e d by a s t r i c t l y k-d imen s i o na 1 R.V X_. Assume 
( 1 . 2 ) E ( X ) = o; 
( 1 . 3 ) i f k ^ 4 E ( | X | a + y ) < + oo f o r some Y > 0; 
( 1 . 4 ) i f k > 4 E( | Xi Ite " 3 ) < + co. 
Then Q(.u) = \ E [ ( X _ . _ u ) 3 j i s . a p o s i t i v e d e f i n i t e q u a d r a t i c 
f o r m so f o r some p o s i t i v e r e a l numbers Qa and o r t h o n o r m a l 
v e c t o r s j _ , , 
( 1 . 5 ) Q ( u ) = Z Q . ( " - I . ) S -
s = 1 
I f , f o r any _x> JL* d e n o t e s t h e v e c t o r h a v i n g s t h component 
X . . J . S , . 




\ x \ - > + co,xeL k (./n) 
where A = D e t ( Q ) = TT 'Q, . 
s = 1 
Theorem 1 .7 L e t (S. ) be a R.W on E„(k » 3 ) g e n e r a t e d by 
a s t r i c t l y k - d i m e n s i o n a 1 R.V X,. Assume t h a t ( 1 . 2 ) , ( 1 . 3 ) , 
( 1 . 4 ) and 
( 1 . 8 ) : l i m sup \0(u)\ < 1 , where 0 ( u ) = E ( e 1 - * - ) ; 
| u.|-» + C0 
h o l d . Then i f A i s any J o r d a n m e a s u r a b l e s u b s e t o f E k 
h a v i n g measure |A|, 
( — ) 
< 1 , 9 ) | x | " ; a , l , i * , k " 2 = T 7 ^ ' 
These two t h e o r e m s a r e p r o v e d i n §.2 and §.3 when 
k = 3, and i n §.4 we i n d i c a t e how t h e method o f p r o o f e x t e n d s 
t o t h e g e n e r a l c a s e . 
An i n t e r e s t i n g c o n s e q u e n c e o f Theorems 1.1 and 1.7 i s 
t h a t , a c c o r d i n g t o L a m p e r t i [ 2 1 ] , h i s g e n e r a l i z a t i o n o f 
W i e n e r ' s t e s t h o l d s f o r e v e r y R.W s a t i s f y i n g t h e c o n d i t i o n s 
o f one o f t h e s e t h e o r e m s . A n o t e a t t h e end o f L a m p e r t i ' s 
p a p e r i m p l i e s t h a t S p i t z e r has p r o v e d a t h e o r e m e q u i v a l e n t 
t o 1.1 when k = 3, b u t t h e o t h e r r e s u l t s seem t o be new. 
§.2 A s s u m p t i o n ( 1 . 3 ) a p p e a r s t o be e s s e n t i a l : i t a l l o w s us 
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t o make use o f ? 
Lemma 2.1 I f p(u.) = E^e 1-*- - (1 + i.u.X - §( U..X ) a ) } 
2+y 
= 0 ( i i ) - [1 + i-H-iH ~ a n d |2L| <£ + co f o r some 
1 ^ V > 0, p(u.) = O C | j j | 2 + y ) as l u l - ^ 0 and 
l£^l..= 0 C U | 1 + ^ ) as |u|->0, f o r s = 1, 2, .., k. 
P r o o f F o i |.u| > 0 and 0 <- Y ^ 1, 
| p ( u ) | ^ f . . f h 1 " - - (1 + i u - x - £ ( u . x ) a ) | d F ( x ) 
+ J . .J" [ 2 4- |u| | x | + ||u|2 |i|»jdF(x) 
l A l > i i | - 1 
4 J * . . . J M l | ^ H d F ( x ) + J \ . . J § | u | 8 | x | S dF ( x ) 
k l k l * 1 ' |_uj i x | ^ 1 
2+iT 
< 7- °°P , ,2+Y . 7 , ,2+TT 0 0 ,, ,2+S- , * ; J • • I U l dF ( jc ) +2 . I - . . J U I dF (x . ) 
The e x i s t e n c e o f t h e second moments a l l o w s us t o 
d i f f e r e n t i a t e u n d e r t h e i n t e g r a l s i g n t o g e t 
P P t j j ) ^ i ] ' . . } x j e ^ ^ - 1 - i u . x j d F ( x ) , 
3 • ( -co -co 
and a s i m i l a r a r g u m e n t now e s t a b l i s h e s t h e second p a r t o f 
t h e lemma. 
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P r o o f o f Theorem 1.1 when k = 3 
O b v i o u s l y we need o n l y e s t a b l i s h ( 1 . 6 ) when A has a 
s i n g l e member, and we can t a k e t h i s member t o be 0., 
w i t h o u t l o s s o f g e n e r a l i t y . For i f 
( 2 - 2 ) Mm [ | x * | G 0 ( * ) } = , 
| X . | ~j> + 0 0 , X E L, 
w 
* 
h e r e G 0(.x) = G ( { G } + x.) , t h e n l i m { | x.|G( { a j + x j ] 
| x.|~> +co, xe L a 
c M 1 = l i m 1 i , L . | . |x* + a*|G n(x + a ) l = - — — . 
. . \ I e ( x ) Lemma 3.2.11 now t e l l s us t h a t G 0 ( x ) = l i m , n "?* f o r 
. L„ ( 2 t , J 
JC. e L 3 , where 
TT Tl TT 
• V J n J n J n e + 1-jzi(u) ^ J i -
S i n c e . ^ ( J J ) and i t s f i r s t d e r i v a t i v e s a r e c o n t i n u o u s and, 
i f e > 0, | [ e+ 1-$(.u ) j 1 | i s bounded t h r o u g h o u t S ( TT , TT , TT ) , 
we can a p p l y Green's Theorem ( 3 . 2 . 1 9 ) t o g e t f o r e v e r y 
e > 0, 
n IT TT ""i-.X'.u. du 
I«(A> = J" I J ' ? 8 l ^ T I ^ i « + 1-fJ<u) 
-TT -TT -TT 1 ^ — 
• |- T I' e " 1 ^ ' ^ X - V j l ( u ) • j ' n . x ^ - i j c . u 
= '\i 4 4 " H F " l-. + 1 ^ U ) J - d ^ + / | n ) e + 1 ^ 0 u ) d " 
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When x_ e L 3 , e has p e r i o d 2TI i n each v a r i a b l e , and 
as t h e same i s t r u e of (Lemma 3.2 6 ) , t h e second 
i n t e g r a l v a n i s h e s and f o r e v e r y , c > 0 and e L s 3 
x. V $ 
Now l e t V ( a ) = [ j j : Q(u.) t > a j : t h e n by Lemma 
3.2.8 i n f h - 0 ( i i ) | > 0 f o r each b > 0. S i n c e 
ue S( TT ,TT ,TT )\V( 5 ) 
i l -^ (u )J > 0 , l E + 1 j ( j l ) J * « | l - j r i ( u ) | a ' 
and t h i s i s i n t e g r a b l e i n S ( T T , T T , TT ) \ V ( 6 ) 
M o r e o v e r | V ft{u) \ J£ E(|X.P<+ °°> s o t h a t by d o m i n a t e d 
c o n v e r g e n c e , f o r e v e r y 6 > 0, 
PIT e ' ^ ' - x . V 0 ( u ) l i m Ml • H^-' d u = 
du 
o S ( T T , T T , T T ) \ V ( 1 > ) ie + 1 - 0 ( u ) ] a 
e - i i i - x x -V 0( u) 
S ( T T , T I ' , T T ) \ V ( & ) { 1 - ' ^ ( U . ) ] S 
and t h i s l a s t i s 0{ |x.Jj as j,x|-> + CD , by t h e Riemann-Lebesgue 
Lemma'. T h e r e f o r e 
( 2 - 4 ) G 0 ( x ) - (2nTa I x 1 3 l i m JJT ^ l^l£lr' . 
^ 2 n ' l i l e^o vfa) [ e + i - 0 ( u ) ] s ^ 
+ 0 ( j 7 j ) as | x l->+ oo . 
The c r u x o f t h e p r o o f i s t h a t we can now r e p l a c e 
$(.u) by i t s a s y m p t o t i c e s t i m a t e , 1 - Q(ju) . • To see t h i s , 
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l e t 
f = ( - } " [ e + Q ( i i ) } 8 + {7+1-jZ5(u)p 
_ — r — + I L T V Q ( U . ) { 3 J, 
le + 1 - 0 ( u ) j 8 l ( e + Q ( u ) ) a (e + 1-0(u.) ) 8 
_ p(u.) A- V J K . U ) . p( u.) -J •! 
" ie + l-jz5 ( i i ) ] a " I«+Q ( j i ) j i « + 1-0U ) J l e + Q ( i i ) + " 1 " f l 5 f 
Then f o r a l l e >' 0, 
k l l v p ( u ) I, U I - l y j L ( i i ) | | p ( i i ) l , T i . , 
| f * ( ^ M-0(u.) 1» , Q ( u ) | l - 0 ( u ) | W + TT=*OT 
and Lemma 2.1 shows t h a t t h i s l a s t f u n c t i o n i s L / ( | u . | ) 
as | i i I 0 , and i s t h e r e f o r e i n t e g r a b l e o v e r V(&) f o r a l l 
s m a l l enough 6. Hence, by d o m i n a t e d c o n v e r g e n c e , 
am r / r •"lJ1,Jt f.ujdji = r r r •"i*m* f0(uW. 
and Riemann-Lebesgue Lemma now shows t h a t t h i s l a s t i s 
0( a s 1.2.1 - > + 03 • Hence, when x e L 3 , 
( 2 . 5 ) G 0 ( x ) = ( 2 0 3 * ] A | a J ( e , A ) + 0 ^ ) as |x|-* + oo , 
where J ( e , A ) = fTJ l - Z ^ V * - * d u. 
v'(&) I E + Q ( U ) J » 
To e v a l u a t e l i m J ( e , j(.) , we i n t r o d u c e new v a r i a b l e s 
eJco 3 
of i n t e g r a t i o n by w r i t i n g v, = u . j g = £ U P J I P » o r » i° 
4 ~ r = 1 3 
v i e w o f t h e o r t h o g o n a l i t y o f t h e j , , u, = £ v p j . 
~ r = 1 
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T h 6 n 2 2 Y . Q . V . 
J(«.A> = . J ' J ' J E _ I I" • 
s = 1 
where y = x . . ^ » so t h a t y, = Q , x*. Hence, w r i t i n g 
w, = Q * v , 
3 
T / v' 2 r n - s = 1 - i ( x + . w ) , 
J ( E ^ ) = E J J J "(e+uiqT 6 — d--
[|w| ^ 5 ] 1 " 
Now t h e r e i s a n o t h e r o r t h o g o n a l change o f v a r i a b l e s w h i c h 
3 3 * 
t a k e s j Q« x a * w f i n t 0 X z s ( w h e r e X a = j Q ? x a ) 
s=1 s=1 
and x.*.w i n t o y * . i - Then |y*| = |x*| , 
( 2 . 6 ) J U . X ) = f J - J - J d z , 
and i t i s easy t o check t h a t 
( 2 . 7 ) y j = 1 2 Q.x,*a = . 
X s = 1 * 
I n t r o d u c i n g s p h e r i c a l p o l a r c o - o r d i n a t e s p^ 0, 0, ( 2 . 6 ) 
becomes 
j ( e x ) _ 2X j» j * n e - i p ( y ' ^ c o s e c o s ^ + y * c o s e s i n J ^ + y * s i n e ) 
2 p 3 s i n e c o s Q d p d e d l ^ 
(e + p a ) a 
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2X 6 f P 3dp r e - i p y * s i n e s i n e c o s Q d e 2 f g - i p y } c o s(jzi-a ) c o s e ^ 
TT_ 
A { ( e + p a ) a - i 
2 
y* 
••where y*|= y * i + y*|» t a n a = "Hp . I f ( x) d e n o t e s t h e 
B e s s e l f u n c t i o n o f t h e f i r s t k i n d o f o r d e r \ , 
2 ? e - i p y j c o s ( 0 - a ) c o s e d 0 = f e~i P Y t C 0 s 9 c o s # d0 = 2TI J q ( p y $ c o s9 ) , 
o ' 0 
and by S o n i n e ' s second f i n i t e i n t e g r a l [ 2 9 , p . 3 7 6 ] 
TT 7 




= - 2 i J ' s i n ( p y * s i n 0 ) J Q ( p y * c o s e ) sinGcosGdB 
b , * J a / ( p | y * l ) 
2 ,y | /, P^ 
Mak i n g use o f ( 2 . 7 ) , i t f o l l o w s f r o m ( 2 . 6 ) t h a t 
£ V -6 p-
( 2 . 8 ) x) = 4 j ^ ' 2 " ' J ' T T T ^ F J y a ( p l ^ l ) d P . 
i A 1.x* I /a o ' 
Now J 3 y ( p ) ^ / p ! * 2 as p^O and | Jy ( p ) | i s 
bounded -3/ f o r a l l r e a l p , so |p / ? ! Jy (p | x * | )| i s i n t e g r a b l e 
i n ( 0 , 6 ) f o r each x. and 6. T h e r e f o r e , by d o m i n a t e d c o n v e r g e n c e , 
Hm J (e,x) = 4 | - ! ' 2 "J f J3/ ( p | x * | ) p " V a d p 
( 2 . 9 ) = " f J 3 / ( p ) p / a d P . 
i A x* 6 '» 
I 
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Our p r e v i o u s r e m a r k s show t h a t J a / ( p ) P ^ * s a b s o l u t e l y 
'a 
i n t e g r a b l e i n ( 0 , oo ) , and [ 1 3 , p . 2 2 ] P J,/(p)dp = ••&(•§•)* , 
b 'a * 
so t h a t ( 2 . 9 ) i n ( 2 . 5 ) g i v e s 
l i m i | x * | G 0 ( j t ) j = { 2 n ) » M » ' # ( 2 ) U|^+CD, AeL 9 ° ' ^ " / - l i r ia, 
!__ 
4 T T A ' 
T h i s i s ( 2 . 2 ) , and i t e s t a b l i s h e s t h e t h e o r e m when k = 3. 
§. 3 P r o o f o f Theorem 1.7 when l< = 3 
W i t h some s l i g h t m o d i f i c a t i o n s t h e ar g u m e n t o f pp.74-76 
o f c h a p t e r I I I a p p l i e s a g a i n and shows f i r s t l y t h a t we 
need o n l y e s t a b l i s h ( 1 . 9 ) when A i s a bounded i n t e r v a l 
I ( i > h.) and s e c o n d l y t h a t ( 1 . 9 ) when A = I(fl.,h.) f o l l o w s f r o m 
( 3 . 1 ) l i m 1 |jc»|LU + x, h j j = h l n S h * , 
UI->+co 4 T f A 
. x* + . 
S i n c e l i m H ; ; — L j = 1 f o r each a, t h e r e i s no 
l o s s o f g e n e r a l i t y i n t a k i n g a. = 0., and Lemma 3.2.15 shows 
t h a t ( 3 . 1 ) t h e n becomes 
, . n a h? h i h i ( 3 . 2 ) l i m [ U*| l i m I(e , i ) J = * a a » 
|i|-» + co e^o 4 A 
where 
•LJ«J e+1-0 ( u ) 
- 1 1 1 -
Now we can a p p l y Green's Theorem ( 3 . 2 . 1 9 ) t o g e t f o r each 
e y 0, 
I ( e , x ) = l i m • T ~ , d i 
X +ro -X E + 1-0(JU) 
_ n m i - i n T „ „ f_£iAL=i)_i - i u . x 
• x ^ J W ' - l / ^ U + i - ^ ( . . ) ] e 
^ X > e+1-0 ( u ) 
- - i IT I" v S7 f • D ( ^ } i - i u . x , 
- | y i 3 . . . JL'Z. [~ ~r. r j e d_u, 
s i n c e 
E + 1 - r i ( u ) U e " 1 a n d l i m JT |D(h,u) |drr = 0. — X +03 o VX ) 
Q 
Some s l i g h t c a l c u l a t i o n shows t h a t f o r each s | D(h.» u.) | 
i s bounded n e a r 0 and i n t e g r a b l e o v e r E 3. S i n c e , by 
Lemmas 2.7 and 3.2.12, 11 ) | ~ 1 i s i n t e g r a b l e n e a r 0, and 
bounded i n any c l o s e d r e g i o n n o t c o n t a i n i n g 0,, t h e 
Theorem o f D o m i n a t e d C o n v e r g e n c e shows t h a t 
0 S . x . V D ( h , u ) - i u . x . 2L'lS>(h.,R) - i u . x l i m I' I* |'~ T7' rKT T e — " — du = -y.—: e —*— d u , 
i J J J e +1 -^ >C u. J - J J J 1 - 0 ( u ) 
and t h e Riemann-Lebesgue Lemma shows t h a t t h i s l a s t i s 
°( I i l ) as | x.|~?> + CD . 
I f V ( & ) once a g a i n d e n o t e s t h e s e t [u.sQ(.u) & & a j > 
sup | 1 -0( JJ ) | ~ 1 + a) f o r each 6 •> 0, by Lemma 3.2.12. 
i t / V ( 5 ) 
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Then, s i n c e D(h, 9 JJ) i s a p o s i t i v e i n t e g r a b l e f u n c t i o n 
and | J L i l L s l l i s b o u n ded, t h e same a r g u m e n t a p p l i e s a g a i n 
and shows t h a t f o r any fa > 0, 
l i m t j i L l i m j ' J T - i u . _ x D(k,»)-lL-SL£bLl d _ 
Thus ( 3 . 2 ) i s e q u i v a l e n t t o 
(3.3) l i m 11- m e ^ R i k ^ ^ J M d u j B 
h^ h 3 h a A 
S i n c e D(h >, u.) = 1 a , r + 0( I j j t y , as l u | — ^ 0 , we can a g a i n use 
8 
Lemma 2.7 t o a p p r o x i m a t e t o t h e i n t e g r a n d o f 
( 3 . 3 ) F o r i f g ( u ) = D ( h , u) ~ — * + i u f i i h j . 
e [ e + 1 - 0 ( u . ) J 3 8 
x,. V Q 
i e + Q ( u ) j a 
t h e n 
, » x " 7 Q ( ~ ) , , v h ? h | h ! , 
9,(M) = D ( h , Jt) f . U ) ' r, +Q(u))« .[D(il»ii)-V"^ )» 
where f (JJ) i s t h e f u n c t i o n o f p.107. On t h a t page i t i s 
shown t h a t f £ ( i i ) i s d o m i n a t e d by a f u n c t i o n w h i c h i s 
i n t e g r a b l e i n V ( 6 ) f o r a l l s m a l l enough b. P l a i n l y 
, _ _ _ | , D ( h , u) - " Y " - ^ | = " |u|-> 0, 
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and t h e r e f o r e , by d o m i n a t e d c o n v e r g e n c e and t h e Riemann-
Lebesgue Lemma, 
( 3 . 4 ) l i m [ j a i l i i B N T g ( J I ) . " 1 * ' * d u j 
= l i m iJji lL U m I ' j T g ( u j e ' ^ - ^ d u j = 0. 
I j d^+co I-2S.Ia e^o Hi) 0 
I t was e s t a b l i s h e d i n t h e p r e v i o u s s e c t i o n t h a t 
( 3 . 5 ) l i m i W i l i m f f P ^ . | £ , 
and ( 3 . 4 ) and ( 3 . 3 ) p r o v e ( 3 . 3 ) , and hence t h e t h e o r e m when 
k=3. 
1.4 The p r o o f s o f Theorems 1.1 and 1.7 when k > 3 f o l l o w 
t h e same l i n e s as t h e p r o o f s g i v e n i n §.2 and §.3 f o r t h e 
case k = 3 t c o n s i d e r t h e ( e a s i e r ) l a t t i c e case 1 . 1 . 
A s s u m p t i o n ( 1 . 4 ) means t h a t a l l d e r i v a t i v e s o f 0(u.) o f 
t h e f i r s t k-2 o r d e r s e x i s t , a r e bounded, have p e r i o d 2n i n 
each v a r i a b l e and a r e c o n t i n u o u s i n E". We can t h e r e f o r e 
a p p l y Green's Theorem k-2 t i m e s t o t h e F o u r i e r i n t e g r a l f o r 
Go^iS.) (Lemma 3.2.11) t o g e t 
ZtyO — TT — TT 
where Q = x,.2_ and x. e L„ . ( 4 . 1 ) i s t h e a n a l o g u e o f 
( 2 . 3 ) , and once a g a i n t h e e r r o r i n c u r r e d i n r e p l a c i n g t h e 
r e g i o n o f i n t e g r a t i o n by V ( 6 ) and 1-0(u.) by Q(u.) i s 
- 1 1 4 -
0[ Ur^"2^) 3 9 U f - ^ + 0 0 • I n §2 we showed t h a t 
a m j r r Q l r ^ y i a u - ^ l i i i L a s u , ^ + 
E^o V(6 ) e - ^ i i ' A 1^*1 
and a more c o m p l i c a t e d a r g u m e n t o f a s i m i l a r t y p e shows 
t h a t i n k - d i m e n s i o n s 
i k ~ 2 
,. i, _ k - 2 ( 1 i - i u . x . n s 2 n ^ i I x j a » „, k-2 x 
i j - l - j D U + 1 - Q ( u ) i e ~ " A I - T ^ T I ? { — ) 
**° V ( 6 ) 
as j x.| oo , 
w h i c h i s a l l t h a t i s needed t o c o n c l u d e t h e p r o o f . 
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